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Chapter 1

Collected Articles on
Inequalities

After reading the previous chapters, you should have gained a lot of insight into in-
equalities. The world of inequalities is really uniquely wonderful and interesting to
explore. In this chapter, we will examine inequalities in a more general and larger
context with the help of the mathematical techniques and methods developed in the

previous chapter.

This chapter contains 19 sections, organized into 8 articles. Many interesting mat-
ters will be discussed here, such as some generalizations of Schur inequality, some
estimations of familiar expressions, some strange kinds of inequalities, some im-
provements of the classical mixing variable method and some applications of Kara-
mata inequality. We wish to receive more comments and contributions from you, the
readers.
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Article 1

Generalization of Schur Inequality

1.1 Generalized Schur Inequality for Three Numbers

We will be talking about Schur inequality in these pages. Just Schur inequality? And
is it really necessary to review it now? Yes, certainly! But instead of using Schur in-
equality in “brute force” solutions (eg. solutions that use long, complicated expand-
ing), we will discover a very simple generalization of Schur inequality. An eight-
grade student can easily understand this matter; however, its wide and effective in-
fluence may leave you surprised.

Theorem 1 (Generalized Schur Inequality). Let a,b, ¢, x,y, z be six non-negative real
numbers such that the sequences (a,b, ¢) and (x,y, z) are monotone, then

z(a—=b)(a—c)+ylb—a)(b—c)+ z(c—a)(c—b) > 0.

PROOF. WLOG, assume that a > b > ¢. Consider the following cases

(i). x > y > z. Then, we have (¢ — a)(¢ — b) > 0, s0 z(¢ — a)(c — b) > 0. Moreover,
zla—c)—ylb—c)zalb-c)—ylb—-c)=(r—y)b—-c) >0

= z(a—b)(a—c)+ylb—a)b—c)>0.

Summing up these relations, we have the desired result.
(i). x <y < z.Wehave (a — b)(a — ¢) > 0,0 2(a — b)(a — ¢) > 0. Moreover,
Ha—c)—yla—b) > 2(a—b) —yla—b) = ( —y)(a—b) > 0
= z(c—a)(c—=b)+ylb—a)(b—c) >0.
Summing up the inequalities above, we have the desired result.
Comment. Denote S = ) z(a — b)(a — ¢). By the same reasoning as above, we can
prove that S > 0 if at leacsgjccone of the following stronger conditions is fulfilled

1LIfa>b>c>0,z>y>0and z > 0.
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2.Ifa>b>c>0,y>z>0and z > 0.
3.Ifa>b>c>0andax > by > 0orby > cz > 0.
(1) and (2) are quite obvious. To prove (3), just notice that if a, b, ¢ > 0 then

% (z(a =b)(a =) +y(b—a)(b—c) +2(c—a)(c b))

() G- () =)

and the problem turns to a normal form of the generalized Schur inequality shown
above.
\%

This was such an easy proof! But you need to know that this simple theorem
always provides unexpectedly simple solutions to a lot of difficult problems. That
makes the difference, not its simple solution. Let’s see some examples and you will
understand why many inequality solvers like to use the generalized Schur inequal-
ity in their proofs.

Example 1.1.1. Let a, b, c be three positive real numbers. Prove that

a?4+bc b>4+ca A+ab

at+tb+ce< .
b+c c+a a+b

(Ho Joo Lee)
SOLUTION. According to the identity

a2+bc_ _(a—=D)(a—c)

b+c “ b+c

we can change our inequality into the form
z(a—b)(a—c)+ylb—a)(b—c)+ z(c—a)(c—b) >0,

in which
1 1 1
T = Coy = Doz = .
b+c '’ y c+a’ a+b

WLOG, assume that a > b > ¢, then clearly z < y < z. The conclusion follows from

the generalized Schur inequality instantly.
\Y

Example 1.1.2. Let a, b, c be positive real numbers with sum 3. Prove that

Ly, 3 3, 3
a b ¢ T 2a2+bc 2b24+ac 22 +ab’
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(Pham Kim Hung)
SOLUTION. Rewrite the inequality into the following from
1 a+b+c (a—=b)(a—c)
S L Ey ~ = >
Z(a Z2a2+bc>_0®z 2a3 + abe 20
cyc cyc cyc
Notice that if a > b > ¢ then

1 1 1
< < .
2a3 + abe — 2b3 + abe — 2¢3 4 abe

The conclusion follows from the generalized Schur inequality.
\Y

Example 1.1.3. Let a, b, c be the side lengths of a triangle. Prove that

va+b—c n Vb+c—a n ve+a—b <3
Va+vb—ye Vb+ye—va  Jeta-vb T
(Italian Winter Camp 2007)

SOLUTION. By a simple observation, the inequality is equivalent to

Vatb—c Va+Vb—e—Jatb—c
S-Faa) e e TR

@Z Vab— \/c(a+b—c) -
o (Va+vb—ve) (Vat Vbt vet vatb—c) -

N Z(c—agic—b) >0,

0

cyc

where
Se = (Va+vb—ve) (Va+ Vbt Vet vatb—c) (Vab+ ela+b-0)),
and S,, Sy are determined similarly. It’s easy to check that if b > ¢ then
Va+vVb—e> e+ va—Vb;
Va+vVb+vVet+vVa+b—c>Va+Vb+ e+ Veta—b;
Vab+ela+b—c) > vVeat Vole+a—b);

Therefore S, > Sp. The proof is finished by the generalized Schur inequality.

\Y%
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Example 1.1.4. Let x,y, z be positive real numbers such that \/x + \/y + \/z = 1. Prove

that
:1:2+yz yz—i—zm zQ—l—a:y

T2 et | R

(APMO 2007)

SOLUTION. We use the following simple transformation

Z % +yz Z (z—y)(xz—2)+z(y+2)
cycx\/2y+z cyc IVZ(y—|—Z)

D R

cyc cyc

By the generalized Schur inequality, we get that

(z —y)(xr—2)
%C: xy/2(y + 2) =0

By AM-GM inequality, the remaining work is obvious

Sy e Vi vE = V=L

cyc cyc cyc

1
This ends the proof. Equality holds forz =y = 2z = g
\Y

Example 1.1.5. Let a, b, c be positive real numbers. Prove that

a®+2bc b+ 2ac 02+2ab>g
(b+c)2  (a+c¢)?  (a+b)?2 — 4

SOLUTION. The inequality can be rewritten as

Z (a —b)(a—c)+ (ab+ bc + ca) < 9
(b+c)? 4
cyce
. 9
or equivalently A + B > v where
(a—"b)(a— ab + bc+ ca
A= . B= .
(b+c)? ’ Z (b+c)2

By the generalized Schur inequality, we deduce that A > 0. Moreover, B > Z by
Iran 96 inequality. Therefore, we are done and the equality holds fora = b = c.

\Y%
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Example 1.1.6. Let a, b, c be positive real numbers. Prove that

a3—|—abc+ b3—|—abc+ c3+abc> a n b n c
(b+c)3 (c+a)3 (a+b)3® ~“b+c c+a a+b

(Nguyen Van Thach)

SOLUTION. Notice that

a3 + abe a _ ya a®+be -

(b+¢)® b+c btec <\/ b+e f)

. Vo bfa o |
(b+c)\/b+c(\/a2+bc+\/a(b—l—c))

The inequality can be rewritten as ) S,(a — b)(a — ¢) > 0 with

cyc

S, = Ve :
(b—i—c)\/b—i-c(\/aQ—i—bc—l— \/a(b+c)) 7
Vb
Sp = ;
(c+a)\/c+a(\/62 +ab+ \/c(a—|—b))
Se = Ve

(a+b)Va+b (\/62 +ab+ \/c(a—|—b)) '
Now suppose that a > b > ¢, then it’s easy to get that
(b+c)Va2+bc< (a+c)Vb?+ac ;

(b+c)valb+c) <(a+c)\/bla+c) .

Thus (b+c) (\/a2 +bc++/a(b+ c)) > (c+a) (\/62 +ab+ /cla+ b)) and therefore
we have S, > S;,. We can conclude that

> Sala—b)(a—¢) > Sala—b)(a—c)+ Sp(b—a)(b—c)

cyc

> (Sa = Sp)(a = b)(b—c) = 0.
This is the end of the proof. The equality holds fora = b = c.
\Y

Example 1.1.7. Let a,b, c be non-negative real numbers. Prove that

a? b? ?
(2a +b)(2a+¢) + (2b+¢)(2b+a) * (2¢+a)(2¢+b)

1
< -
-3
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SOLUTION. If ¢ = 0, the problem is obvious. Suppose that a, b, ¢ > 0, then we have

1_3§(2a+b)(2a+c) :§<a+b+c_ (2a+b)(2a+c)>

B a(a —b)(a—c)
Z (a+b+c¢)(2a+b)(2a+ c)

cyc

-y (4 = 3) (&~ <)
N c(a+b+0)(20+ b)(2a +¢c)’
By the generalized Schur inequality, it suffices to prove that if a > b then
a? b?
> .
(2a+b)(2a+c¢) ~— (2b+a)(2b+¢)

But the previous inequality is equivalent to
(a—b) (2ab(a+b+c) + c(a® + ab+b%)) >0,

which is obvious. The equality holds for a = b = cand a = b, c = 0 up to permuta-
tion.
\%

Example 1.1.8. Let a, b, c be positive real numbers. Prove that

1 1 1 at+b+ec \?
+ + < .
a?4+2bc b2 +2ca 2+ 2ab ab + bc + ca

(Pham Huu Duc)

SOLUTION. We have
Zab+bc+ca7(a+b+0)2:2 ab+bc+ca71 Jrz:(c—a)(c—b)
p” a? + 2bc ab + bc + ca p” a2 + 2bc p” ab + bc + ca

1 1
Za— a <2+2bc+ab+bc+ca)'

cyc

WLOG, assume that a > b > c. By the generalized Schur inequality, it suffices to
prove that

1 1 1 1
> .
“ (a2+2bc * ab+bc+ca) 2b <b2 + 2ca + ab+bc+ca>
Indeed, the difference between the left-hand side and the right-hand side is

a—b  (a—1b)(2ca+2chb—ab)
ab+ bc+ ca (a? + 2bc)(b? 4 2ca)
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(a—b) (2a%b? + c(a® + b®) — 2a*c? — 26 + c(a — b)*(a + b))
(ab + be + ca)(a? + 2bc)(b? 4 2ca)
We just got the desired result. The equality holds for a = b = c.

> 0.

\%

Example 1.1.9. Let a, b, c be non-negative real numbers such that ab + bc + ca = 1. Prove
that
1+b%c? N 1+ c?a? N 1+ a?b?
b+c? " erap " (atbp

>2
-2
(Mathlinks Contest)

SOLUTION. First we have that

1+ b%c? (ab + be + ca)? + b2c? 9 abe 20%c?
LR et R Sy e 2

cyc cyc cyc cyc

Therefore, our inequality can be rewritten as

2 (Zazzab> +Za(b4icc (b+c)> +y <(;ufcc2)2bc) > 0.

The left hand expression of the previous inequality is

> (b + be+ ¢* — ab — ac) (b — ¢)? 3 (b—rc) (b* = —a(d? —c?))

cyc (b + c)2 cyc (b + C)2
B (b—c) (b*(b—a) — *(c— a)) B b2 b?
*Z b+ ;wC)(b“)<<b+c>2+<b+a>2>’

and the proof is completed by the generalized Schur inequality because if b > ¢ then
b? b? c? c?

(b+c)? - (b+a)? = (c+a)? * c+b)?2
\Y
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1.2 A Generalization of Schur Inequality for n» Num-
bers

If Schur inequality for three variables and its generalized form have been discussed
thoroughly in the previous section, we now go ahead to the generalization of Schur
inequality for n variables. As a matter of fact, we want an estimation of

F, = a1(a1—a9)...(a1—an)+az(az—a1)(az—a3)...(aa—an)+...4+an(an—a1)...(an—an-1).

The first question is if the inequality F}, > 0 holds. Unfortunately, it is not always
true (it is only true for n = 3). Furthermore, the general inequality

a¥(a1—ay)...(a1—an)+ak(ag—ay)(az—as)...(az—an)+...+a* (an—a1)...(ap—an_1) > 0

is also false for all n > 4 and £ > 0. To find a counter-example, we have to check the
case n = 4 only and notice that if n > 4, we can choose a;, = 0 Vk > 4. For n = 4,
consider the inequality

a*(a—b)(a—c)(a—d)+b*(b—a)(b—c)(b—d)+c* (c—a)(c—b) (c—d)+d* (d—a)(d—b)(d—c) > 0.

Just choose a = b = ¢, the inequality becomes d*(d — a)® > 0, which is clearly false
(when d < a).

Our work now is to find another version of this inequality. To do so, we first
have to find something new in the simple case n = 4. The following results are quite
interesting.

Example 1.2.1. Let a, b, ¢, d be non-negative real numbers such that a + b+ c+d = 1.
Prove that

-1
> —.
— 432

(Pham Kim Hung)

a(a=b)(a—c)(a—d)+b(b—a)(b—c)(b—d)+c(c—a)(c—b)(c—d)+d(d—a)(d—b)(d—c)

SOLUTION. We use the entirely mixing variable and the renewed derivative to solve
this problem. Notice that our inequality is exactly

1
@(a+b+c+d)4+Za(afb)(afc)(a7d) >0.

cyc

Notice that the inequality is clearly true if d = 0, so we only need to prove that (after
taking the global derivative)

1
2—7(a+b+c—|—d)3+Z(a—b)(a—c)(a—d) > 0.

cyc
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Because the expression

> (a—b)(a—c)(a—d

cyc

is unchanged if we decrease a, b, c all at once, it suffices to consider the inequality in
case min{a, b, ¢, d} = 0. WLOG, assume that d = 0, then the inequality becomes

%(a—}—b—i—c)?’—ka(a—b)(a—c)—|—b(b—a)(b—c)—|—c(c—a)(c—b)—achO.

This inequality follows from AM-GM inequality and Schur inequality immediately.
We are done. Equality cannot hold.

\Y
Example 1.2.2. Let a,b, ¢, d be non-negative real numbers. Prove that
a(a—b)(a—c)(a—d)+b(b—a)(b—c)(b—d)+c(c—a)(c—b)(c—d)+d(d—a)(d—b)(d—c)+abed > 0.
(Pham Kim Hung)

SOLUTION. We use the global derivative as in the previous solution. Notice that this
inequality is obvious due to Schur inequality if one of four numbers a, b, ¢, d is equal
to 0. By taking the global derivative of the left-hand side expression, we only need
to prove that

Z(a —b)(a—c)la—d)+ Zabc > 0.

cyc cyc

Using the mixing all variables method, if suffices to prove it in case min{a, b, ¢, d} =
0. WLOG, assume that a > b > ¢ > d = 0. The inequality becomes

ala—0b)(a—c)+bb—a)b—c)+c(c—a)(c—b) >0,

which is exactly Schur inequality for three numbers;, so we are done. The equality
holds for a = b = ¢, d = 0 or permutations.

\Y%

Example 1.2.3. Let a, b, c, d be non-negative real numbers such that a® + b + ¢ + d* = 4.
Prove that

ala—b)(a—c)a—d)+bb—a)b—c)(b—d)+c(c—a)(c—b)(c—d)+
+d(d — a)(d — b)(d — ¢) > abed — 1.

(Pham Kim Hung)
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SOLUTION. We have to prove that
162@(@ —b)(a—c)(a—d)+ (a* + b* + * + d*)? — 16abed > 0.

If d = 0, the inequality is obvious due to AM-GM inequality and Schur inequality
(for three numbers). According to the mixing all variables method and the global
derivative, it suffices to prove that

16Z(a—b)(a— c)a—d)+4a+b+c+d)(a®+ b+ +d*) - 16Zabc > 0.
cyc cyc
or
4Z(a—b)(a—c)(a—d) +(a+b+c+d)(a®+b*+c*+d?) —4Zabcz 0 (%)
cyc cyc
If one of four numbers a,b,c,d, say d, is equal to 0, then the previous inequality
becomes

a,b,c
42a(a—b)(a—c)+(a+b—|—c)(a2—|—b2—|—02) — 8abc > 0,

cyc

which is obvious due to the following applications of Schur inequality and AM-GM

inequality
a,b,c

4Za(a—b)(a—c)20;

cyc

(a+b+c)(a® 4+ b* + c) — 8abc > 9abe — 8abe > 0 ;

Therefore, according to the mixing all variables method, in order to prove (x) by
taking the global derivative, it suffices to prove that

a,b,c,d a,b,c,d 2
4y a2+2< > a) >8> ab (x*)

cyc cyc sym

Clearly, AM-GM inequality yields that

2

a,b,c,d 8 a,b,c,d 16
4 Z a2>3Zab;2<Z a) Z?Zab;

cyc sym cyc sym

Adding up the results above, we get (xx) and then (). The conclusion follows and
the equality holds fora =b=c=d=1.

\Y%

This should satisfy anyone who desperately wanted a Schur inequality in 4 vari-
ables. What happens for the case n = 5? Generalizations are a bit more complicated.
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Example 1.2.4. Let a, b, ¢, d, e be non-negative real numbers such that a+b+c+d+e = 1.
Prove that

ala—b)(a—c)la—d)(a—e)+bb—a)(b—c)(b—d)(b—e)+c(c—a)(c—b)(c—d)(c—e)+
+d(d—a)(d—b)(d—c)(d—e)+ele—a)le—Db)(e—c)le—d) > %

(Pham Kim Hung)

SOLUTION. To prove this problem, we have to use two of the previous results. Our
inequality is equivalent to

(a+b+ct+d+e)’+> ala—b)(a—c)a—d)a—e) >0

cyc

4320

Taking the global derivative, we have to prove that

%(a+b+c+d+e)4+2(afb)(afc)(afd)(afe) > 0.

cyc

Due to the mixing all variables method, we only need to check this inequality in case
min{a, b, c,d,e} = 0. WLOG, assume that a > b > ¢ > d > e = 0. The inequality

becomes
a,b,c,d

5 4
sol@totetdt+ Zy: a(a—b)(a—c)(a—d) > 0.
L - . 5 1 .
This inequality is true according to example 1.2.1 because 360 > 139 This shows
that it suffices to consider the first inequality in case a > b > ¢ > d > e = 0. In this

case, the inequality becomes

a,b,c,d
(a+b+c+d)°+ Z a*(a —b)(a —c)(a —d) > 0.

cyc

1
4320

If one of the numbers «, b, ¢, d is equal to 0, the inequality is true by Schur inequality
so we only need to prove that (by taking the global derivative)

a,b,c,d

1 4
>
216(a—i—b—|—c—&—d) +2 ngc ala —b)(a—c)(a—d)>0
or
1 a,b,c,d
4
— — — — > (.
432(a+b—|—c+d) + g ala—"b)(a—c)la—d) >0

cyc
This inequality is exactly the inequality in example 1.2.2. The proof is completed and
we cannot have equality.
\Y
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Example 1.2.5. Let a,b, ¢, d, e be non-negative real numbers. Prove that
ala—=b)(a—c)..(a—e)+bb—a)b—c)..,b—¢e)+c(c—a)(c—Db)(c—d)(c—e)+
+d(d—a)...(d—c)(d—e)+e(e—a)(e—D)...(e—d)+a*bed+b* cde+c* dea+d? eab+e*abe > 0.

SOLUTION. This problem is easier than the previous problem. Taking the global
derivative for a first time, we obtain an obvious inequality
Z(a —b)(a—c)la—d)(a—e)+ 2Zabcd+ Zaz(bc—&— ed+da) >0
cyc cyc cyc
which is true when one of the numbers a, b, ¢, d, e is equal to 0. Now we only need to
prove the initial inequality in case min{a,b,c,d,e} = 0. WLOG, assume that e = 0,
then the inequality becomes
a,b,c,d
Z a*(a —b)(a — ¢)(a — d) + a®bed > 0.
cyc
If one of a, b, ¢, d is equal to 0, the inequality is true due to Schur inequality. Therefore
we only need to prove that (taking the global derivative for the second time)
a,b,c,d
2 Z ala —b)(a — ¢)(a — d) + 2abed + a®(be + cd + da) > 0.
cyc
This inequality is true according to example 1.2.2 and we are done immediately. The
equality holds if and only if three of the five numbers a, b, ¢, d, e are equal to each
other and the two remaining numbers are equal to 0.

\Y%

These problems have given us a strong expectation of something similar in the
general case of n variables. Of course, everything becomes much harder in this case,
and we will need to use induction.

Example 1.2.6. Let a1, as, ..., a,, be non-negative real numbers such that a1 +az+...+a, =
1. For ¢ = —9-2?"""n(n — 1)(n — 2), prove that

ol

ar(a1—as)...(a1—ay)+as(as—a3)...(az—ap)+...4an(an—ayr) (an—az)...(ap—an_1) >
(Pham Kim Hung)

SOLUTION. To handle this problem, we need to prove it in the general case, that
means, find an estimation of
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where the non-negative real numbers a;,ag, ..., a,, have sum 1. After a process of
guessing and checking induction steps, we find out

i k n 3722972n72k
. - . > )
; al j:llLi(az LRl I oy 3 iy Y ey

Let’s construct the following sequence forall k > 1,n > 4
Chom = 9-22" 0y Lk~ D(n+k—2)(n+k—3).
We will prove the following general result by induction

k+n—1
<Za,> +Z H ai —a;) | >0 (%)

i=1 Jj=1,j#i

Ck,n

We use induction for m = k + n, and we assume that () is already true for all
n', k' such that k' + n’ < m. We will prove that () is also true for all n, k such that
n+ k = m + 1. Indeed, after taking the global derivative, the inequality (x) becomes

n

k+n—1 n
nintk-1) (Zaz> —|—kz ak—1 H (a;i —aj) | >0 (%)
i=1

Chim =1
According to the inductive hypothesis (for n and k£ — 1), we have

n

k+n—1 n
<Zaz> +> (e T (@) | 20
i=1

J=1,j7#i

Ck—1,n

Moreover, because

n(nJrk—l)Z 1 —
kchn Ck—1,n

the inequality () is successfully proved. By the mixing all variables method, we

only need to consider (%) in case min{a, as, ...,a,} = 0. WLOG, assume that a; >

az > ... > ay, then a,, = 0 and the inequality becomes

k+n—1 n—1 n—1
o <Z> > (a ™ I @—ap | =0
n i=1

i=1 j=1,j#i

or (since ci.n = Crt1,n—1)

k+n—-1 . 4 .
ok
Chtlm—1 (Z al) + Z i H (ai —aj) | =0.

i=1 Jj=1,j#i

This is another form of the inequality (%) for n—1 numbers a4, as, ..., a,—1 and for the
exponent k + 1 (instead of k). Performing this reasoning n — 4 times (or we can use
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induction again), we can change (x) to the problem of only four numbers a1, as, as, as
but with the exponents k£ + n — 4. Namely, we have to prove that
(a+b+c+d)ftm !+ MZak+7l_4(a —b)la—c)la—d) >0 (x*x*)
cyc
where M = cxyn—44 = ¢k . Taking the global derivative of (x x x) exactly r times
(r < k + n — 4), we obtain the following inequality

47 (k4+n—1)(k+n—2)..(k+n—7r)a+b+c+d*+

+k+n—4)(k+n-3)...(k+n—r— S)MZ a1 (@ —b)(a —¢)(a—d) > 0 [#]
cyc

We will call the inequality constructed by taking r times the global derivative of (x)

as the [r'"] inequality (this previous inequality is the [r*"] inequality). If abed = 0,

assume d = 0, and the [r*"]

Zak+n74fr(a o b)(a _ c)(a _ d) _ ZakJrnfor(a _ b)((l _ C) > 0.

cyc cyc

inequality is true for allr € {0,1,2,...,n + k — 5} because

According to the principles of the mixing all variables method and global derivative,
if the [(r + 1)*"] inequality is true for all a, b, ¢, d and the [r'"] inequality is true when
abed = 0 then the [r'"] inequality is true for all non-negative real numbers a, b, c, d.
Because abed = 0, the [rth] is true forall 0 < r < n + k — 5, so we conclude that, in
order to prove the [0*"] inequality (which is exactly (x x x)), we only need to check
the [(n + k — 4)'"] inequality. The [(n + k — 4)*"] inequality is as follows

4Rk o = 1)(k 41— 2)..(4)(a + b+ ¢ + d) '+

+(k+n—4)(k+n-3)..()M> (a—b)(a—c)(a—d) >0

cyc

& A" (htn—1)(k+n—2)(k+n—3)(a+b+c+d)* +6M Y _(a—b)(a—c)(a—d) >0

cyc
& (a+btctd)*+27Y (a—b)(a—c)(a—d) >0.
cyc
This last inequality is clearly true by the mixing all variables method and AM-GM
inequality. The inductive process is finished and the conclusion follows immediately.

* Consider the non-negative real numbers ay, as, ..., ay, such that a1 +as+...+a, = 1.
Fork =9-22"t2k=9(n 4 k — 1)(n + k — 2)(n + k — 3), we have

> (af 11 (az‘aj)> > %1

=1\ j=Llj#i

\%
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Article 2

Looking at Familiar Expressions

1.3 On AM-GM Inequality

Certainly, if a, b, c are positive real numbers then AM-GM inequality shows that

a b ¢ sla b ¢

o249 7 0 g

b+c+a_ b ¢ a

b
WedenoteG(a,b,c):%+7+£—3,thenG(a,b,c)20foralla,b,c>O.Thisarticle

C a

will present some nice properties regarding the function G.

Example 1.3.1. Let a,b, c, k be positive real numbers. Prove that

a b E>a—|—k b+k c+k
b ¢ a " b+k c+k a+k

SOLUTION. Notice that we can transform the expression G(a, b, ¢) into

Gla,b,c) = <“+2_2>+<i+2_b_1> _@-0? (a-qb-o

b a ab ac

WLOG, assume that ¢ = min(a, b, ¢). Our inequality is equivalent to

(a—0b)? (a—c)(b—c) (a—b)? (a—c)(b—c)
b T ac T+ Ro+k)  ark)eth)

Because ¢ = min(a, b, c) it follows that (a —c)(b—c¢) > 0 and the inequality is obvious.
The proof is completed and equality holds for a = b = c.

\%

Example 1.3.2. Let a, b, ¢ be positive real numbers. If k > max(a?, b?, ¢?), prove that

a b ¢ a2+k B2 +k A+k
-+ -+-2> .
b ¢ a b2+Ek A2+Ek a?2+k

(Pham Kim Hung)
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SOLUTION. Similarly as in the preceding inequality, this one is equivalent to

(a=b)? (a=gb=¢) (a=b*a+b)?® (a=c)b=c)latc)b+c)
ab ac “ (a®+ k) + k) (a2 +k)(c®+ k)

WLOG, assume that ¢ = min(a, b, ¢). It’s sufficient to prove that
(a® + k)(* + k) > ab(a + b)? ;
(a®> + k) + k) >acla+c)(b+c) .
The first one is certainly true because
(a® + k) (b* + k) > (a® + b*)? > ab(a + b)*.
The second one is equivalent to
Ak — ac) + a*(k — be) + k* — abc®> > 0

which is also obvious because k& > max(a?,b?, ¢?). We are done.
Comment. The following inequality is stronger

% Let a, b, c be positive real numbers. If k > max(ab, be, ca), prove that

a b ¢ a?+k b2+k+02+k
b ¢ a " b24+k c+k a2+k

To prove this one, we only note that if ¢ = min(a, b, ¢) and k > max(ab, bc, ca) then
(a® + k) (D> + k) > (a® + ab)(b? + ab) = ab(a + b)? ;

Ak —ac) + a®(k — be) + k* — abc® > *(k — ac) + a*(k — be) + (ac) - (be) —abc® = 0 .

The equality holds for a = b < c and k = ac. Both a and c can take arbitrary values.

\Y%

Example 1.3.3. If a, b, c are the side lengths of a triangle, then

A a+b+c >9+a2+02+02+b2+b2+a2
b ¢ a) 2402 24402 aZ+4c2

(Pham Kim Hung)
SOLUTION. The inequality can be rewritten in the following form

4(a—b)?  4(c—a)(c—Db) (a? — b?)? (c? —a?)(c® — b?)
ab + ac = (a? 4 c2)(c® + b?) + (a? 4+ b2)(a? + ¢?)
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WLOG, we may assume ¢ = min(a, b, ¢). Then it’s not too difficult to show that

1 (c+a)(c+b)
w = (@1 0)(E 10

4 (a+b)?
ab ~ (a® + c2)(b% + ¢?)
and the proof is completed. Equality holds fora = b = c.

\%

Example 1.3.4. Let a, b, c be positive real numbers. Prove that

a> v 8(ab+ be+ ca)
L AR G A S |
Rrete” a?4+b2+c2 ~

(Nguyen Van Thach)

SOLUTION. Similarly, this inequality can be rewritten in the following form

(a—b)? ((a+b)2 8 >+(c—a)(c—b) ((a+c)(b+c) 8 ) >0

a?b? a2+ b2+ a?c? Az b2t
WLOG, assume that ¢ = min{a, b, c}. We have

(a+b)2> 8 < 8
a?b? T a4 T a4+ 02+

Moreover,
(a4 c)(b+c)(a® +b* + *) > 2c(a + ¢)(a® + 2¢?) > 8a?c?

(a+c)(b+c) 8
= > .
a2c? — a2 + b2 + c2

Therefore we get the desired result. Equality holds fora = b = c.
\Y

Example 1.3.5. Let a, b, c be the side lengths of a triangle. Prove that

a2+ F4+a® b2+ a+b a+c b+c
a?+c2  2+b2  b2+4a?2 " a+c b+c b+a

(Vo Quoc Ba Can)

SOLUTION. It is easy to rewrite the inequality in the following form

(@ —b)>M + (¢ — a)(c — b)N >0,
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where
B (a+ b)? 3 1 ]
(@42 +c2) (atce)(bt+c)’
(a+c)(b+c) 1

N=@im@r® araoard

WLOG, assume that ¢ = min{a, b, c}. Clearly, M > 0 and N > 0 since

(a+c)?(b+c)(a+b)—(a®+b?)(a*+c*) = a®(b+c—a)+3a’be+-3abc® +ac+c3(a+b) > 0.
We are done. Equality holds fora = b = c.
v

Example 1.3.6. For all distinct real numbers a, b, c, prove that

(a—b)? (b—c)?  (c—a)
(b—¢?  (c—a) (a—b)* "

(Darij Grinberg)

SOLUTION. This inequality is directly deduced from the following identity

(a—b?2  (b—c)®  (c—a)® ~b b—c c—a\’
e = G ===

b—c c¢c—a a-—-b»

Comment. According to this identity, we can obtain the following results

% Let a, b, ¢ be distinct real numbers. Prove that

G((a=b)*(b-0c)?(c—a)?) > (8+3\/§) G(a—b,b—c,c—a).

G ((a=0)>% -2 (c—a)’) + G ((c—a)’ (b— ) (a—b)?) >
\Y%

bJ\QD

Example 1.3.7. Prove that for all positive real numbers a, b, ¢, we have
g+§+5> a® + 2 n c? +b? n b + a?
b ¢ a "\ b2+c2 a? 4 b2 c2 4 a?
SOLUTION. First Solution. First, we will prove that

2 + b2 +
Zb+z Z 22+z2 Z a2+22 (1)

cyc cyc

In order to prove (1), we only need to prove that

a b a?+ 2 b2 + ¢
-+ == +
b a b2 + 2 a? +c?




280 — (© GIL Publishing House. All rights reserved. —

Indeed, by squaring, this inequality becomes

a2+b2> a? 4+ b% + 22
@ T @A)

or
(a® +b?) /(a2 + ¢2) (b2 + c2) > ab (a® + b* + 2¢7)
or
(a® + b2)2 (a® + ) (b* + ) > a®b® (a® + b + 262)2
or

02(a2—b2)2 (a2+b2+02) 207

which is clearly true. As a result, (1) is proved. Now, returning to our problem, we
assume by contradiction that the inequality

a a® + c?
252N pre @
cyc cyc
is false for a certain triple (a, b, ¢). By (1), we have
D B e B e
b2 4 c? a? + 2
cyc (,yc cyc cyc

Combining this with (2), we get that

b2 4+ ¢
DR WY at 3)

cyc cyc
On the other hand, from (2), we have that

2
2+ 2
<ZZ> < Z ZQ+22

cyc cyc

2 2 2 2 2
a b a®+c b+ ¢
@§ﬁ+2§a < cy07b2+c2 +2;1/7a2+62.

Combining with (3), we obtain
a2 a? + 2
ZIT2 <23 +c? @
cyc cyc

This inequality contradicts the result in example 1.3.1. Therefore, the assumption
is false, or in other words, the inequality is proved successfully. Equality holds for
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a=b=c

Second Solution. Recall the following result, presented in the first volume of this
book.

Let ay,asg,..,an and by > by > ... > b, > 0 be positive real numbers such that
a1as...ax > bibay..by Yk € {1,2,...,n}, then a; + as + ... + an > b1 + by + ... + by,.

For the case n = 3, we obtain the following result

Given positive numbers a,b,c,x,y,z such that max{a,b,c} > max{x,y,z},
min{a,b,c} <min{z,y,z}, thena+b+c>x+y+ 2.

According to this result, we will prove a general inequality for all a,b,c,z > 0 as

a a® 4+ c”* B
IEESN

cyc cyc
bﬂ? xT 1
I
ct + a”*
>max{ (=) (S (21l (5)
bx+c£ aw+bx cl—i—a’”
T\ T FH\NE (b4 -
a ct\ = c® TN = T+ a®\*®
< mi , 6
}mln{(bm—&-cm) ’<a$+bm> <C”+am> } ©)

can be proved similarly). WLOG, assume that

follows

Indeed, we already have

a é [ a® +c* z c* + b
b ¢ a \b*+c® a® + b

It suffices to show that

max {
min {

We prove (5) (and (6
a® + =\ *® a® + c* % cgc+b:c % bx+ay i
= max ; ) .
bz+cz bz+cz aaz+bz cT + a%

a® +c*\* .
We see that > 1, gives a > b. Therefore
b* + ¢*

8=

i )

b
C

ISHN

Sl S

’ )

b
C

ISHN

Sl S
S~—

8l

f>aw+cm:>9> am+cm L
b* — b* 4 ¢ b~ \b* +c”
This ends the proof. Equality holds for a = b = c.
\Y

Example 1.3.8. Let a, b, c be distinct real numbers. Prove that

(a—b)?% (b—c)? (c—a)2>a+b b+c cH+a
(b—c)?2 (c—a)2 (a—b)2"b+c c+a a+b
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(Pham Kim Hung)

SOLUTION. WLOG, we may assume that ¢ = min(a, b, ¢). Taking into account the
preceding example 1.3.1, we deduce that

Gla+bb+c,c+a)>Gla+b—2¢,b+c—2c,c+a—2c).

Letnow z = a — ¢,y = b — ¢, then it remains to prove that (after we consider ¢ = 0)

2 2 2
T — x T+ X
(Gt ) i STty Y, T
Yy 2 (v —vy) Yy r x+y
2 2 2
3
e Y r °r Y r

y2 2?2 (x-y)? Ty r x+ty

From here, we need to consider some smaller cases
(i). The first case. If x > y then

Case y < x < 2y. The desired result is obtained by adding

x
T4y

a4 g2

[SVRN )

.3 T

, ——= > 3.1, > .
r+vy

(z—y)? ~ 3.

Case 2.3y < « < 2.5y. The desired result is obtained by adding

SHES
8
[\
w

x? 3z y 1 _y T 3 T
—+125> = =4+ > > 225, - > .
y2+ Ty x2+4*aj (x —y)? 4 x4y
Case 3y < = < 4y. The desired result is obtained by adding
2 2 2
I S LR (P
Yy y 22 472 (x—y) 5 x4y
Case x > 4y. The desired result is obtained by adding
2 3 2 1 2
Yy Yy x 47z (z—vy) T4y

(ii). The second case. If x < y then
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Case x < y < 1.52. The desired result is obtained by adding

xT

2
T 3y g7 T >471> .
' (y—x)2~ 72 x4y

Case 1.52 < y < 1.8z. The desired result is obtained by adding

2 2 2
x 14 S 3z vy S Y +0.75, z
x

+ x
y> 9 Tyl a T

1
25 T x+y’

— > 1.
DR

Case 1.8x < y < 3x. The desired result is obtained by adding

v

z2 3z y?

Y Y

.%'2

(y —x)?

Case y > 3x. The desired result is obtained by adding

T

> .
r+y

Y 1 1
- > = 1.44 - — >
x2*$+ ’ 4’ 2.8 —

2

[\~]
[N~}

3x
Y

+o> >Y 6 T >01> 2

(y—2)> = 7 T a+ty

)

@m‘&
©|
&‘@
[\
8w
8

The proof has been proved completely. There’s no equality case.

\%
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1.4 On Nesbitt’s Inequality

The famous Nesbitt inequality has the following form

* If a, b, c are positive real numbers then

a b c 3
N(a,b,c) = —=>0.
(2,6, ¢) b+c+c+a+a+b 2~

In the following pages, we will discuss some inequalities which have the same
appearance as Nesbitt inequality and we will also discuss some nice properties of
N(a,b,c). First we give a famous generalization of Nesbitt inequality with real ex-
ponents.

Example 1.4.1. Let a,b, ¢ be non-negative real numbers. For each real number k, find the
minimum of the following expression

k k k
a b c
S = + + .
<b+c) <c—|—a> <a—|—b>

SOLUTION. Certainly, Nesbitt inequality is a particular case of this inequality for
k=1.1fk > 1ork <0 thenit’s easy to deduce that

k k k
a L b . c >i
b+c c+a a+b) T 2k

Ifk = %, we obtain a familiar result as follows

a b c
1/ +14/ +4/ > 2.
b+c a+c a—+

The most difficult case is 0 < k£ < 1. We will prove by mixing variables that

b o) — a b b k c k> 49 3
o () () (o) o2}

a+b a—>b
2 2

2 (55) - () () @)

cyc

WLOG, we may assume thata > b > ¢. Lett =

We infer that the derivative

, ut+t \"' 2t+e t—u \"' —2t—c
g'(u)=k gtk 2
u—t+e (u—t+c) u+t—-c (u+t+c)

has the same sign as the following function

h(u) = (k—1)[In(t + u) —In(t —u)] + (k+ 1) [In(u+t +¢) —In(t —u+c)].
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It’s easy to check that

;oo 2u(k—1)  2(k+1D)(t+0)
Pu) = 12 — 2 (t+c¢)2—u?’
Because t > cit follows that t(t+c)(t—c) > (t+2c)u? and therefore 2(t +c)(t* —u?) >
t((t+c)? —u?). M k+1>2(1—k) (or k > 1/3), we have indeed that h/(u) > 0. Thus
h(u) > h(0) = 0 = ¢'(u) > 0. Therefore g is a monotonic function if v > 0 and

therefore

a k 2tk ck
Z<b+c> ZQ(U)ZQ(O)Zﬁ‘FW(’*)

cyc

Because ¢(0) is homogeneous, we may assume that ¢ < ¢t = 1. Consider the function

2k+1 k
p(c) = m +c
Since the derivative
ron —k.okt1 1
ple) = (1+ o)+t T ke

has the same sign as the function
qic)=(k+1)In(c+1)+(k—1)Inc—(k+1)In2

and also because, as it’s easy to check

oo k41 k=1 (k4 De+(c+D)(k—1)
Q(C)_c—i—l_'_ c cle+1)

has no more than one real root, we obtain that p’(¢) = 0 has no more than one real
root in (0,1) (because p’(1) = 0). Furthermore, lin% p(c) = +00, so we obtain
c—
> . . . — . . k+1
ple) > min {p(1) : lm p(c)} = min {3; 271} (x)

According to () and (*x), we conclude that

k k k
a + b + ¢ > min i'2
b+c a+c a+b) ~ 2k’ ’

The inequality has been proved in case & > 1/3, now we will consider the case
k < 1/2. Choose three numbers o, 3, satisfying that \/a = a*, /B = b*, /7 = ¢*,
then

b 2k c 2k ak o
ok 12k | 2k > 1 s>
(b4 < b e :>(b+c) +(c+b) - :>(b+c)k_ B+

Constructing similar results and summing up, we get

ak n bk N ck S « n 53 . y >
(b+c)k  (c+a)  (a+bF =\ B+y a+y a+p =7
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Therefore the problem has been completely solved, with the conclusion that

k k k
a + b + ¢ > min i'2
b+c a+c a+b) ~ 2k’ ’
In3

If K = — — 1, the equality holds for « = b = cand a = b, ¢ = 0 up to permutation.

Otherw?se, the equality only holds in the case a = b = c.
\Y

In volume I we have a problem from the Vietnam TST 2006, where we have al-
ready proved that if a, b, c are the side-lengths of a triangle then

PERSEAY (LI Y (L
a b ¢~ b+c c+a a+b)’

or, in other words, N(a,b,c) > 3N(a + b,b + ¢, c + a). Moreover, we also have some

other nice results related to the expression IV as follows

Example 1.4.2. Let a, b, c be the side lengths of a triangle. Prove that

2ab n 2bc n 2ca
cla+b)  alb+c) blc+a)

a n b n c
b+c¢c c¢c+a a+bd

+3<
5 S
. 111
ot, in other words, prove that N(a,b,c) < 2N (a, 3’ C) = 2N(ab, be, ca).
(Pham Kim Hung)

SOLUTION. First, we change the inequality to SOS form as follows
> (2 — ab)(a + b)(a — b)* > 0.
cyc

WLOG, assume that a > b > ¢, then S, > S, > S.. Therefore, it's enough to prove
that
b3Sy +c2S. > 0 < b*(20% — ac)(a + c) + *(2¢* — ab)(a + b) > 0.

This last inequality is obviously true because b(a + ¢) > c(a + b) and b(2b* — ac) >
¢(2¢* — ab). The equality holds for a = b = cor (a,b,c) ~ (2,1,1).

\Y%

Example 1.4.3. Let a, b, c be positive real numbers. Prove that

2ab n 2bc L 2ca S a+b b+c c+a
cla+b)  alb+c) blc+a) " 2c+a+b 2a+b+c 20+c+a’

. 111
ot, in other words, prove that N (, R ) > N(a+b,b+c,c+a).
a C
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SOLUTION. Similarly to the preceding problem, after changing the inequality to SOS
form, we only need to prove that

a(b® + ¢3) + be(b? + 2) S 2a + 3b+ 3¢
abe [[(a + b) “ JI2a+b+c¢)

cyc cyc
ifa,b,c > 0and a > b > c. Notice that b + ¢ > be(b + ¢), so

1

S P P

and it remains to prove that

(a+2b+c)(a+b+2c) < 2a 4+ 3b+ 3¢

(a+b)(a+c) T 2a+b+c
2(b+c)2+2a(b+c)> 2(b+c) - a+b+c 1
(a+b)(a+ c) T 2a+b+c (a+b)(a+c) ~ 2a+b+c

This last condition is obviously true. The equality holds for a = b = c.

\%
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1.5 On Schur Inequality

Consider the following expression in three variables a, b and ¢
F(a,b,c) = a® +b> + ¢ + 3abc — ab(a + b) — be(b + ¢) — calc + a).

By the third degree-Schur inequality, we have F(a,b,c) > 0 for all non-negative

a, b, c. In this article, we will discover some interesting relations between Schur-like

111

expressions such as F(a?,b%,¢?), F(a+b,b+c,c+a), F (, 7 ) and F(a —b,b—
a'b’c

¢, c — a), etc. First, we have

Example 1.5.1. Let a, b, c be the side lengths of a triangle. Prove that
F(a,b,c) < F(la+b,b+c,c+a).
(Pham Kim Hung)

SOLUTION. Notice that the expression F'(a, b, ¢) can be rewritten as
F(a,b,c) = Za(a —b)(a—c).
cyc
Therefore our inequality is equivalent to

Z(b—l—c—a)(a—b)(a—b) >0

cyc

By hypothesis we haveb+c—a > 0,c+a—b>0,a+ b — ¢ > 0, so the above result
follows from the generalized Schur inequality. We are done and the equality holds
for a = b = c (equilateral triangle) or a = 2b = 2c up to permutation (degenerated
triangle).

\%

Example 1.5.2. Let a, b, c be the side lengths of a triangle. Prove that

111
F(a,b,c) < 4a*b*c*F ( -, ) .
a’' b’ c

(Pham Kim Hung)

SOLUTION. Generally, the expression F'(a, b, ¢) can be represented in SOS form as

L 2
F(a,b,c) = §§(a+b—c)(a—b) .
Therefore we can change our inequality to the following

2(202 (i—l—ll)—i)—(a—&-b—c)) (a—b)2 >0,

cyc
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and therefore the coefficients S,, Sy, S. can be determined from

1 1 1
Sc:202(a+b_c>—(a+b—c);

11 1
Sb2b2(a+cb>(c+ab);

1 1 1
Sa = 2a? <b+ca>(b+ca).

WLOG, assume that a > b > c. Clearly, S, > 0 and S, > Sy > S.. It suffices to prove
that Sy + S. > 0 or namely

2 2
b+c (bc—i-c—b—c)—QGZO.
2

Notice that a < b+ ¢, so 2(b? + ¢?)

4 2 2 2 2
AT 5 o, b—+%zb+c.
C

(b+ c)? > a® and we are done because

a

The equality holds for a = b = c and a = 2b = 2c up to permutation.
\%
Example 1.5.3. Suppose that a, b, c are the side lengths of a triangle. Prove that
F(a?,b?, c*) < 36F(ab, be, ca).
(Pham Kim Hung)

SOLUTION. Similarly, this inequality can be transformed into

z:(a2 + b2 =) (a® - )% < 36262(% + be — ab)(a — b)?

cye cye
or Sy (b—c)? + Sp(c —a)? + S.(a — b)? > 0, where
S, = 36a*(ab + ac — be) — (b4 ¢)2(b* + % — a?) ;
Sy = 36b%(bc + ba — ca) — (c + a)?*(c* + a® — b?) ;
S, = 36¢*(ca + cb — ab) — (a + b)*(a® + b* — %) .

WLOG, assume that a > b > ¢, then certainly S, < S, < S; and S > 0. Thererfore it
suffices to prove that S, + S, > 0, which can be reduced to

36bc(b? + c2) + 34a(b — c)*(b +¢) — (b* — *)? —a*(a + b+ ¢)* — a* + 2a%bc > 0.

Suppose that S is the left expression in the previous inequality. Consider the cases
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(i). The first case. If 17(b — ¢)?(b+ ¢) > a(a + b+ ¢)(2a + b + ¢). Certainly, we have

S > 34a(b—c)*(b+c¢) —2a*(a+b+c)? —a* — (b — ¢?)?
>2a%(a+b+c)(2a+b+c) —2a*(a+b+c)* —a* — b
=2d*(a+b+c)—a*—b*>0.

(ii). The second case. If 17(b—c)?(b+c) < a(a+b+c)(2a+b+c), we get that a > ag
where qa is the unique real root of the equation

17(b—c)*(b+c)=x(x+b+c)22+b+c)).

Clearly, S = S(a) is a decreasing function of a, if @ > max(ay, b) (because S’(a) < 0),
50 we obtain

S = S(a) > S(b+c) = 36bc(b* + ) + 33(b* — c*)? — 5(b+ ¢)* + 2be(b+ )%
Everything now becomes clear. We have of course

S(b+4c) =33(b% — *)? — 5(b* + ¢*) + 3002 ¢* + 16be(b? + ¢2) + 2bc(b + ¢)?
= 28(b* — ¢*)? + 16bc(b — ¢)? + 2be(b — ¢)* > 0.

Therefore S > 0 in all cases and by SOS method, we get the desired result. The
equality holds for ¢ = b = cand a = 2b = 2c up to permutation.

\%
Example 1.5.4. Prove that if a, b, c are the side lengths of a triangle then
9F(a,b,c) > 2F(a — b,b—c,c—a),
and if a, b, c are the side lengths of an acute triangle then
3F(a,b,¢c) > F(a—b,b—c,c—a).
(Pham Kim Hung)

SOLUTION. We will only prove the second part of this problem because the first part
can be deduced similarly but simpler. Now suppose that a, b, ¢ are side lengths of an
acute triangle. Clearly, if z + y + z = 0 then

23+ 22 4 3y —ay(y + 2) —yz(y + 2) — 22(2 + x) = 92y2.
Then, the inequality is equivalent to

Z(a +b—c)(a—0b)*>3(a—b)b—c)(c—a).

cyc



© GIL Publishing House. All rights reserved. 291

It’s possible to assume that ¢ > ¢ > b. By the mixing all variables method, we con-
clude that it’s sufficient to prove the inequality in case a, b, ¢ are the side lengths of a
right triangle (that means a? = b% + ¢?). Because of the homogeneity, we can assume
that a = 1 and b2 + ¢? = 1. The inequality is reduced to

be(3—2b—2¢) >3(1—b—c+bec)(c—10)
< 3(b+c—1)(c—b) > be(5c—b—3).
Because b + ¢ < /2(b2 + c2) = v/2, we deduce that

btc—1 b+c—Vb2+c? 2 -2
be be btc+vh2+c2 T 1442
and it remains to prove that

6(V2-1)(c—b)=5c—b-3
& (11-6v2)e+ (6v2-7)b <3,
This last inequality is an obvious application of Cauchy-Schwarz inequality
(11-6v2)c+ (6v2-7)b < \/(11—6\/5)2—&— (6\/5—7)2 ~ 2.9 < 3.

This ends the proof. The equality holds for the equilateral triangle, a = b = c.

2(v2-1).

\%
Example 1.5.5. Let a, b, c be non-negative real numbers. Prove that
9F (a®,b?,¢%) > 8F ((a —b)?, (b—¢)?, (c — a)?).
(Pham Kim Hung)

SOLUTION. We use the mixing all variables method, similarly as in the preceding
problem. We can assume that a > b > ¢ = 0. In this case, we obtain

F((a=b)%b-c)? (c—a)?) =a®+b°+ (a — b)° + 3a*b*(a — b)* — (a* + b*)(a — b)*
—a?b*(a® + %) — (a — b)*(a* + %)
= (a—b)* (4ab(a® + b*) — (a® = b*)* + (a — b)* + a*b?)
= 8a%b*(a — b)>.
Moreover, because F'(a?,b?,c?) = 9(a — b)?(a® + b?)(a + b)?, it remains to prove that
9(a”® 4+ bv*)(a + b)* > 724%b?,

which is obvious because a? + b* > 2aband (a + b)? > 4ab. The proof is finished and
the equality holds for a = b = cand a = b, ¢ = 0 up to permutation.

\%
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Article 3

Thought Brings Knowledge - Varied Ideas

1.6 Exponent Smash

Is there anything to say about the simplest inequalities such as a® + b* + ¢* > ab +
be + ca or 3(a? +b% + c?) > (a+ b+ c)? > 3(ab + be + ca)? In a particular situation,
in an unusual situation, they become extremely complex, hard but interesting and
wonderful as well. That’s why I think that this kind of inequalities is very strange
and exceptional.

The unusual situation we have already mentioned is when each variable a, b,
stands as the exponent of another number. Putting them in places of exponents, must
have broken up the simple inequalities between variables mentioned above. Let’s see
some problems.

Example 1.6.1. Let a,b, ¢ be non-negative real numbers such that a + b + ¢ = 3. Find the
maximum of the following expressions

(a) SQ _ 2ab + 2bc + gca
(b) Sy =490+ 4bc 4 4¢,

(Pham Kim Hung)

SOLUTION. Don’t hurry to conclude that max S» = 6 and max S, = 12 because the
reality is different. We figure out a solution by the mixing variable method and solve
a general problem that involves both (a) and (b). WLOG, assume that ¢ > b > c and
k > 11is a positive real constant. Consider the following expression

f(a, b, C) = k;"'b + ]{;bc e

b —b
Lett:a;r ,u:aT,thentzl,a:t+u,b:t—uand

Fla,bye) = k77 g el g et = g(y),
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Its derivative is
g'(u) = 2ulnk - k" +Ink - ck (k" — k™).
By Lagrange theorem, there exists a real number r € [—u, u] such that

kCU _ f—cu
— kCT‘
2u &

and therefore k% — k=" < 2uck®™ (because r < u). Moreover, ¢ < 1 and ¢(t + u) <
(t —u)(t +u) = t? — u? so we obtain ¢’ (u) < 0. Thus

g(u) < g(0) = k' + 2k = k¥ 4 2K1 3720 = p(t),
We will prove that h(t) < max <h (2) ,h(l)) Vk > 1. Since

W(t) =2tk -k +2(3—4t)Ink - k320
weinfer h/(t) = 0 < 4t — 3 =t - k3*(*=1)_ Consider the following function
q(t) =3t(t — 1) Ink — In(4¢t — 3) + Int.

Because ¢'(t) = (6t — 3)Ink — is a decreasing function of ¢ (when ¢ > 1),

3
t(4t — 3)
we deduce that the equation ¢'(¢t) = 0 has no more than one root ¢t > 1. According

3
to Rolle’s theorem, the equation 4/(¢) = 0 has no more than two roots ¢ € [1, 2} .

Moreover, because h'(1) = 0, we conclude that

h(t) < max (h(l), h (;’)) .

According to this proof, we can synthesize a general result as follows

% Let a, b, ¢ be non-negative real numbers with sum 3. For all k > 1, we have
k% 4+ kb 4 k% < max (Sk, KO/ 2) .

\%

Example 1.6.2. Let a,b, ¢ be non-negative real numbers such that a + b + ¢ = 3. Find the
minimum of the expression

3=a’ 4 37v ;3=

(Pham Kim Hung)
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SOLUTION. We will again propose and solve the general problem: for each real num-
ber k > 0, find the minimum of the following expression
P=k" + & + k.

Certainly, if £ > 1 then P > 3k by AM-GM inequality. Therefore we only need to
a+b

consider the remaining case k£ < 1. WLOG, assume thata > b > c. Lett = LU=

-b 1
GT, thent >landa=t+u,b=t—u.Letk' = z > 1 and consider the following
function
g(u> _ k,(t—u)2 + k,(t+u)2 + kcz.

Since
g'(u) = 2Ink- (¢ + )k —2Ink - (¢ —u)ktW",

we deduce that ¢'(u) =0 < In(t + u) — In(t — u) = —4tulnk. Letting now
h(uw) =In(t +u) — In(t — u) + 4tulnk,
we infer that

h'(u)

1 1 2t
= ——— +4lnk-t= ——— +4tlnk.
t+u+t—u+ . t2—u2+ .

Therefore h'(u) = 0 & 2(t? —u?)Ink = —1 < 2ablnk’ = 1. Now we divide the

problem into two smaller cases

(i) The first case. If ab, be, ca < then

1
2In k'’
k,az i k:b2 n kcz > k9/4 + 2k721r11k’ _ k9/4 + 26—1/2_

1
YA From the previous result, we deduce that
n

hMu)=0< u=0=¢u)=0 < u=0,

(ii) The second case. If ab >

therefore
g(u) > g(0) = 2k% + EG=20" = £(1).

Our remaining work is to find the minimum of f(t) for g >t > 1. Since
F(t) =4k (t./f —(3- 2t).k(3_2t)2> ,
we refer that f/(t) =0 < (3—3¢)(3 —¢)Ink’ = In(3 — 2¢) — Int. Denote
qt) = (3-3t)(3—t)Ink’ —In(3 — 2t) — Int
then

2 1 3
'(8) = (6t — 12)Ink’ + ——— + — = (6t — 12)Ink’ + .
¢ = (6t =12}k + 3= + 5 = (6t — 1)k + oy
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3
In the range {1, 2] , the function ¢(3—2t)(2—t) = 2¢3—7t?+6t is decreasing, hence the
equation ¢'(t) = 0 has no more than one real root. By Rolle’s theorem, the equation

3
f'(t) has no more than two roots in [1, 2} . It’s then easy to get that

£(t) > min (f(l), f @)) — min (3k, 1+ 2k9/4) .

According to the previous solution, the following inequality holds
k4 kY 4 k€ > min (Bk, 14 2k%/4 20-1/2 4 k9/4> .
Notice that if £ < 1/3 then
min (3k,1+ 26774, 27172 1 K9/4) = 3k
Otherwise, if £ > 1/3 then
14 2k%/% < 2e71/2 4 O/

= min <3k, 14 2k%/4 2e=1/2 4 k9/4> — min (3k, 14 2k9/4) .

Therefore, we can conclude that
B R ke > min (3K, 14 26074, 2¢712 4 KO/Y) = min (3K, 14 28%/1)
The initial problem is a special case for k = 1 In this case, we have
370 1370 137 > 1.
However, if k = % then the following stranger inequality holds
270 427 427 > 142704
\4
Example 1.6.3. Let a, b, ¢ be non-negative real numbers such that a + b+ ¢ = 3. Prove that
gdab 4 gdbe | gdca _ g3abe < 513

(Pham Kim Hung)

SOLUTION. In fact, this problem reminds us of Schur inequality only that we know
have exponents (notice that if a + b + ¢ = 3 then Schur inequality is equivalent to
4(ab+ be + ca) < 9 + 3abe). According to the example 1.6.1, we deduce that

24ab 4 24bc 4 2460. — 16ab 4 16bc 4 1660, S 169/4 4 9 — 29 4 2’
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moreover, we also have the obvious inequality 23%*¢ > 1, so
24ab + 246(3 + 24ca . 23abc < 29 4+92-1=513.

\%

Transforming an usual inequality into one with exponents, you can obtain a new
one. This simple idea leads to plenty inequalities, some nice, hard but also interest-
ing. As a matter of fact, you will rarely encounter this kind of inequalities, however,
I strongly believe that a lot of enjoyable, enigmatic matters acan be found here. So
why don’t you try it yourself?

1.7 Unexpected Equalities

Some people often make mistakes when they believe that all symmetric inequalities
of three variables (in fraction forms) have their equality just in one of two standard
cases: a = b = cor a = b,c = 0 (and permutations of course). Sure almost all
inequalities belong to this kind, but some are stranger. These inequalities, very few
of them in comparison, make up a different and interesting area, where the usual
SOS method is nearly impossible. Here are some examples.

Example 1.7.1. Let x,y, z be non-negative real numbers. Prove that

T z 25(xy + yz + zx
LY (zy +y )

8.
y+z z+x x4y (x+y+2)?
(Pham Kim Hung)
SOLUTION. WLOG, assume that x > y > z. Denote
T z 25(zy +yz + 2w
fay2) = ——+ L4 o 92t 22)
y+z z+x x4y (x+y+2)
We infer that

Y n z y+z 25yz
z+x x4y x (x+y+ 2)2

f(x,y,z)—f(a:,y—i—zﬂ) =

25 1 1
:yz((x+y+z)2 _x(x—i—y) _x(a:—i—z))'

Notice that x > y > z, so we have

< Y z Y
- < + =
r+y xT+2 y+z y+=z
1 1 3
<

= + <
r+y x+=z r+y+z
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1 1 3 25
= + < < .
wx+y) z@t+z) " w@tytz) T (@ty+2)?
This shows that f(z,y,2) > f(z,y + z,0). Denote t = y + z, then we have

2
(x+1) 25zt S8,

fay+z0 =24ty 20
YTENEY T (x+1)2 xt T+t)2

-3+
and the conclusion follows. The equality holds for (z + t)? = 5zt or % = ST\/E
In the initial inequality, the equality holds for (z,y, z) ~ <_3j2:\/5, 1, 0) .

Comment. In general, the following inequality can be proved by the same method

* Given non-negative real numbers x,y, z. For all k > 16, prove that

(xyi;;;y > 2(VE-1).

\%

T Y z
+ +
y+z z+x T+Y

Example 1.7.2. Let x,y, z be non-negative real numbers. Prove that

x y z 16(zy + yz + zx) > g
242422 T

+
y+z 24z

z+y
(Tan Pham Van)

SOLUTION. We use mixing variables to solve this problem. Denote z = max{z,y, z}

16(xy + yz + zx)

and
T y z
+ CC2 +y2+22

xr,Y,2) = +
f(z,y,2) P e

It is easy to see that the statament f(z,y, 2z) > f(x,y + z,0) is equivalent to

16(z+y+2)°c@x+2)(e+y) > Qe+y+z) (®+y°+2%) (°+ (y+2)?)

Notice that 2 = max{x, y, z}, so
(+y)(@+2) > (2®+9y° +2°) ;
16(z+y+2)°z> e+y+2)(2®+ (y+2)7?) ;
These two results show that f(z,y,2) > f(z,y + 2,0). Normalizing z +y + z = 1,

we get
f(z,y,2) > f(z,y+2,0) = f(z,1 —2,0) = g(z).

We have
() = —(22 — 1)(222 — 22 — 1)(622 — 62 + 1)
g = 22(z — 1)2(22% — 22 + 1)2
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1
notice that 3 < z <1, and it follows that the equation ¢'(z) = 0 has two roots
{ 1 3+ \/5}
rTeEq§ < .
2 6

g(x)29<3+\/§> =4,

It’s then easy to infer that

6
as desired. The equality holds for (z, y, z) ~ (3 +3;3-V3; 0) .
\Y%

Example 1.7.3. Let a, b, c be non-negative real numbers with sum 1. Prove that

2 2 2 2
bQ(i c? * c? i a? + aQi b2 2Z§a++bfjr_2 2 52.
(Pham Kim Hung)
SOLUTION. WLOG, assume that a > b > c. Denote
a? b? 2 27(a + b+ c)?

bc) = :
fla,by0) b2+c2+02+a2+a2+b2 a? + b2 + ¢2

We will prove that f(a,b,c) > f(a, vVb? + ¢2,0). Indeed

fla,b,c) — f (a, Vb2 + CZ,O)

o N 2 b2 +c? +27(a+b+c)2—27(a+\/b2+c2)2
T 2ra @2t a2 a2 + b2 + 2
1 1 54a (b+c— Vb2 + 2
> —b*c? - + ( )
a?(a?+ %)  a?(a? + ¢?) a? 4+ b2 4 ¢2

Tr 1 N 1 N 54b%c?
- ¢ a?(a?+b?)  a?(a? + ¢?) 4bc(a? + b% + ¢2?)
Moreover, because

3 54

= >

a? ~ 4bc

1 1 3
+ < ;
a?(a®+b?)  a?(a?+c?) T a?+ b+ 2

We infer that f(a,b,c) > f (a,vb? + ¢2,0) . Denote t = v/b? + 2, then we have

a> 2 27(a+t)? (a2 +1t%)?2  bHdat
t,0)=—4+—S+——+—=-2 27
f(CL, ’ ) +2 + a2 + a2 +t2 + a2t2 + a2 —|—t2 +
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2 4 12)2 27at 27at
_ (@A77 2Mat 270t oo s ymT o 495 — 5.
a2t2 Cl2—|—t2 0,2—|—t2

-3+
This ends the proof. The equality holds for (a, b, ¢) ~ <32\/5, 1, O) .

Comment. In a similar way, we can prove the following general inequality

* Given non-negative real numbers x,y, z. For all k > 8, prove that

a? N b? N c? k(a+b+c)?
b24+c2  c24a? a2+ b2 a? 4 b2 + ¢2

\%

>k+Vk—2.

Example 1.7.4. Let a,b, c be non-negative real numbers. Prove that

1 1 1 24 8
(a + b)2 * (b + c)? + (c+a)? * (a+b+c)? = ab+ bc + ca’
(Pham Kim Hung)
SOLUTION. WLOG, assume that a > b > c. Denote
1 1 1 24
fa,b,c) = (a + b)2 * (b+ c)? * (c+ a)? * (a+b+ec)? ab—l—bgc—&—ca'
We get that

f(a,b,¢) = f(a,b+¢,0)
1 1 1 1 8 8
(a+b)2 (a+b+c)? * (c+a)? a2 ab—l—bc—l—caJra(b—&—c)
8bc c(2a+c)

> .
“alb+c)(ab+bc+ca)  a?(a+c)?

Because a > b > ¢, we get that
8ab > (2a+¢)(b+¢);

(a4 c)? > (ab+ be+ ca) ;

These two results show that f(a,b,¢) — f(a,b + ¢,0) > 0. Denote t = b + ¢, then we

get
25 8

1 1
fla,b+¢,0) = f(a,t,0) = ?—k?-i-m_a.

By AM-GM inequality, we have

2 2 25
5 ):_2+(a+t)

e > —2 4+ 2425 = 8.
(at1)? -

at * (a+1t)2 —

1 1
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This ends the proof. The equality holds for (a, b, c) ~ <_3i\/57 1, 0) .

2
Comment. By a similar method, we can prove the following generalization

* Given non-negative real numbers a,b, c. For all k > 15, prove that
1 1 1 k 2vVk -2
- = + > ki .
(a+b)?  (b+¢)? (c+a)® (a+b+c)? ~ ab+bc+ca

Moreover, the following result can also be proved similarly.

* Given non-negative real numbers a, b, c. Prove that
1 n 1 n 1 n 8 N 6
a2+02 b2+ c2+a? a?+b24+c¢2 T ab+betca’
\Y%

Example 1.7.5. Let a,b, c be non-negative real numbers. Prove that

a b c 4(a+ b+ c)(ab+ be+ ca)
> 5.
b+c+c+a a+b+ ad 4+ b3 4¢3 -

(Tan Pham Van)

SOLUTION. WLOG, assume that a > b > c. Denote t = b 4 c and

a b c 4(a+ b+ c)(ab+ bc+ ca)
b,c) = .
fa,b,e) b+c+c+a+a+b a® + b3+ 3

We have

fla,b,c) — f(a,b+¢,0)

b ¢ b+c 4(a+b+c)(ab+ bc+ ca) 4a(b+ c)
“eva axs o T a3+ b3+ 3 a2 —alb+c)+ (b+c)?
_ 4(a® + 3a(b+ ¢)? + (b + ¢)3)be _ (2a+b+c)be -0

(a2 —alb+e)+(b+)?)(a+3+c3) ala+d)(at+c) —

because

(a+b)a+c)> a®>—alb+c)+ (b+c)?;
4a(a3+3a(b+c)2+(b+c)3)> (2a+b+c)(a3+b3+c3).

Moreover, by AM-GM inequality, we have

4at

a t
b 0) = t,) =—4+—-—+——"-——
a? — at + t2 dat
= 1>5.
at +a2—at—i—t2+ -

This is the end of the proof. The equality holds for (a, b, ¢) ~ (3 12\/57 1, 0) .

\Y%
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Example 1.7.6. Let a, b, c be non-negative real numbers. Prove that

a n /b n c +9\/ab+bc—|—ca26
b+ ¢ c+a a+b at+b+ec

(Pham Kim Hung)

SOLUTION. WLOG, assume that a > b > ¢. We have

[ ab ac b-b c-c
> =4/b
a+c+\/a+ _\/b+c+ c+b te
N /b i [ ¢ > /b—f—c.
c+a a + a

Let now ¢t = b + ¢, then we get that

/ Vab +be + ca
b+c c+a a+b at+b+ec
t t t
f \/7 7a+ +9\/a>26
a—+t m a—+t

7+ /45
\va)

The equality holds for a + t = 3v/at or (a, b, c) ~ < 5
Comment. In a similar way, we can prove the following general result

* Given non-negative real numbers a,b, c prove for all k > 4 that

o /b N c _’_k\/ab—i—bc—&—caZQ\/E.
b+c ct+a a+b a+b+c
The following result is also true and can be proved by a similar method

3f

* Given non-negative real numbers a, b, ¢, prove for all k > —— that

/ / 1 4
k(a+b+c) > /14 YA 4k L+ V4dRT k
bJrC c+a a+b ./a2_|_b2_|_02

Letting k = 4, we get the following result

% Given non-negative real numbers a, b, ¢ prove that

/ 4(a+b+c) >37
\/b+c \/a+ \/m
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Example 1.7.7. Let a,b, c be non-negative real numbers. Prove that

\/27ab+bc+ca)>7\/§
b+c \/c+a a+b a?4+0b24+c2 — 27

(Vo Quoc Ba Can)

SOLUTION. Similarly as in the previous problem, we get thatifa > b > cand t = b+c
then

/ / / 27(ab+bc+ca) _a+t at
> 3V3 -y —.
b+c c+a a+b \/ a?+b24+c2 \/EjL V3 a? +t2

Denote z =

> 2. It remains to prove that

\/cﬁ

3V3 V2
fo)=ot e

Checking the derivative f’(z), it is easy to see that the equation f’(x) = 0 has exactly
one root x = 2v/2, therefore

r0)> £ (2v2) =203+ 22 = T2

The equality holds for a + ¢ = 2v/2at or (a,b,c) ~ (3 +V/8,1,0).
v

Example 1.7.8. Let a,b, c be non-negative real numbers. Prove that

1 n 1 n 1 n 8 S 6
a+b b+c ct+a at+btcT Vabtbctca

(Pham Kim Hung)
SOLUTION. Similarly to the previous proofs, we assume first that « > b > ¢ and

denote

1 n 1 n 1 n 8 6
a+b b+c c+a a+b+c ab+bc+ca

Lett = b+ ¢, then we have

fla,b,c) =

1 1 1 1 6 6
a,b,c) — f(a,t,0) = + — - — = +
iy )= ) atb a+c a+btc a Vab+bct+ca \/a(b+c)

c +6(\/ab—|—bc+ca—\/ab—|—ac)
aa +c) Vab+c)(ab+bc+ca)
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Using ab + bc + ca < (a + ¢)? and a(b + ¢) < 2ab, we get

Vab+ be + ca — vab + ac be

Va(b+c)(ab + be + ca) B Va(b+c)(ab + be + ca) + a(b + ¢)v/ab + be + ca

be

Z Sabab t o) +2abat ) 4 (3m+2(a+c>).

Therefore

6c c
a(BW—FZ(a—Fc)) Calate)

Moreover, since a > b > ¢, we infer that

f(a,b,c)ff(a,t,()) >

6(a+c)=4(a+c)+2(a+c)> g(a+b+0)+2(a+c) >3valb+c)+2(a+c),

which means that f(a,b,c) > f(a,t,0). Furthermore, by AM-GM inequality, we con-
clude

9 1 1 6
t = —_— — - —
f(a,t,0) a+t+a+t —
:1(9\/cﬁ+a+t_6> 0.
Vat \a+t  +at
This ends the proof. The equality holds for a + t = 3vat or (a,b,c) ~
(=55 )
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1.8 Undesirable Conditions

We will consider now some symmetric inequalities different from every other in-
equalities we used to solve before. In these problems, variables are restricted by par-
ticular conditions which can’t have the solution a = b = ¢ (so a = b = ¢ can not
make up any case of equality). The common technique is to solve them using special
expressions and setting up equations involving them.

Example 1.8.1. Suppose that a,b, c are three positive real numbers satisfying

11 1
b - +-) =13
m+4cW#+b+J

Find the minimum value of

1 1 1
P:(a2+b2—|—02)(a ++>.

az b2 2
(Vasile Cirtoaje)
SOLUTION. Let now
a b b ¢ a
T=o4-+—,y=—+5+-,
b ¢ b

then we obtain that

2 a? 2 b?

cyc cyc

Because x + y = 10, AM-GM inequality yields that
1
P-3=a?+y*>-2x+y) > §(x+y)2—2(x+y) =50 — 20 = 30
therefore P > 33 and min P = 33 with equality for

r=y & z%zzg < (a=b)(b—c)(c—a)=0,

cyc cyc

combined with the hypothesis (a+b+c) (1 + % + 1) = 10, we conclude that P = 33
a c

if and only if (a,b,c) ~ (24 v/3,1,1) and permutations.

Comment. This approach is still effective for the general problem where 13 is re-
placed by an arbitrary real number £ > 9.

\Y%

Example 1.8.2. Let a, b, c be three positive real numbers such that

1 1 1
44> =16
(a+b+c)(a+b+c> 6
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Find the maximum value of

1 1 1
(42 2 2
P_(a +b +C)<a2+b2+02>

(Vasile Cirtoaje and Pham Kim Hung)

SOLUTION. First Solution. Taking into account an example in Volume I, we deduce

that
2 Cycb 2
13_\/5§29§13+\/5~
2 Cyca 2
therefore

(Z‘b‘_zz>2+ (ZZ+Z§)2§5+132=174

cyc cyc cyc cyc

a ’ b ’ a® b2
:><Zb> +<Za> < 87 :Zb—2+za—2§61

cyc cyc cyc cyc
1
2
= <Za ) (ZQJ < 64.
cyc cyc
b 3+5

The maximum of P is 64, attained for % = - or any permutation.

c 2
. a b a® be
Second Solution. We denote z = ) —, y = >, —, m = ), —andn = ) —. We
cyc b cyc @ cyc be cyc @
certainly have z + y = 13 and xy = 3 + m + n. Moreover
3 3 a®
a4+ y® = Zb—3+6(m+n)+12 (%)

sym

By AM-GM inequality, we have

3
(m+n)224mn—4<3+zzg>.

sym

Combining this result with (), we deduce that
(m+n)?>12+4(2® +y* — 6(m +n) — 12)
Because = + y = 13, we obtain

23y = (x+9y)® - 3ay(z +y) = 13% — 39(3 + m + n) = 2080 — 39(m + n)
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This yields that (with t = m + n)
t2 > —36 + 4(2080 — 39t) — 24t = t? + 180t — 8284 >0 =t > 38.

Therefore m + n > 38 or zy > 41. This result implies

11 1
(a® +b* + ) ((12+l)2+02> =3+2"+y" -2 +y)
r+y)? =2 +y)+3 -2y
2

= (
<132 -2-13+3-2-41 = 64.

The equality holds if and only if m =n, or

ZZ—C = Z% & (a* — be)(b* — ca)(c? — ab) = 0,

cyc cyc
and in this case, it’s easy to conclude that the maximum of P is 64. The equality holds
a b 3+45
if and only if — = - =
if and only if o = - )

Comment. Both solutions above can still be used to solve the general problem in

up to permutation.

which 16 is replaced by an arbitrary real number & > 9.
\Y

Example 1.8.3. Suppose that a, b, c are three positive real numbers satisfying that

1 1 1
S4+-4+-) =16
(a+b+c)(a+b+c) 6

Find the minimum and maximum value of

1 1 1
P:(a4+b4+c4)<a4+b4+c4>.

SOLUTION. We denote z, y, m, n as in the previous problem and also denote
2 2
a b
p= Z 2 y 4 = Z 22 ;
cyc cyc

The expression P can be rewritten as

4
P:3+ZZ—4=3+p2+q2—2(p+Q)-

cyc

The hypothesis yields that « + y = 13. Moreover, we have

zy=3+m+n(1); 2*+y* =p+q+2a+y)(2);
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b22
PP+ = b4+2(p+q)( 3+Zb22+z @)
cyc cyc cyc
b22
m’ +n’ _Zb262+z 2(m+n) (5); 2°+y* =mn+6(m+n)+9(6).
cye cyc

The two results (4) and (5) combined show that
pg=3+m?+n?—2(m+n)(7);

According to (1) and (2) and noticing that = + y = 13, we have
p+q=13*-213-2(3+m+n) =137 —2(m +n)

The equation (6) shows that

13% —39(3 +m +n) = mn +6(m +n) +9 = mn = 2071 — 45(m + n)
= pg =3+ (m+n)? —2mn—2(m+n) =t + 88t — 4139
where t = m + n. Therefore P can be expressed as a function of ¢ as

P=24+(p+q—1)*—2pg=2+4(68 —t)* — 2(t* + 88t — 4139)
= 2t% — 720t + 26776 = f(t)

Taking into account the preceding problem, we obtain 39.25 > t = m +n > 38 and
12777

the conclusion follows: the minimum of P is f(39.25) = — with equality for
11 ++/105
a=>b= % or permutations; the maximum of P is f(38) = 2304, with
, a b 3+\5 .
equality for 3=.- 4 © permutations.

\Y%

Example 1.8.4. Let a,b, ¢, d be positive real numbers such that

1 1 1 1
b dl-+-+-+-=)=20.
(a+b+c+ )(a+b+c+d)
Prove that
b2 d
(Vasile Cirtoaje, Pham Kim Hung, Phan Thanh Nam, VMEO 2006)

1111
(a2+b2+02+d2)(a2++c2+2>>36'

SOLUTION. For each triple of positive real numbers (z,y, z), we denote

X z
Fla,y,2) =~ + 2+ %
Yy oz
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Clearly
F(z,y,2)* = F(a®,5%,2%) + 2F (2,y,2) ; F(z,y,2)* = F(:*,y*,2%) + 2F(x,y,2) .
The condition of the problem can be rewritten as

Z (F(a,b,c) + F(c,b,a)) = 32.
cyc
Our inequality is equivalent to

Z (F(a® b, c%) + F(,b%,a%)) > 64

cyc
& Z (F(a,b, ¢)? —2F(c,b,a) + F(c,b,a) — 2F(a, b, c)) > 64
cyc
=3 Z (F?(a,b,c) + F?(c,b,a)) > 128.
cyc

Applying Cauchy-Schwarz inequality, we conclude

Z (F?(a,b,c) + F?(c,b,a)) > é <Z (F(a,b,c) + F(e, b, a))) = %22 =128,

cyc cyc

and the conclusion follows. The equality holds for

F(a,b,c) = F(c,b,a) = F(a,c,d) = F(d,c,a) = F(b,¢,d) = F(d,c,b) =4,

+ +
or equivalently (a,b, c,d) ~ (3 2\/5 ; 3 2\/5 i1 1) and every permutation.
\Y

Example 1.8.5. Suppose that a,b, c are three positive real numbers satisfying

11 1\?
(a® +b% + ¢?) <++) = 36.
a b ¢

Prove the following inequality

1 1 1
2
(a+b—|—c) <(],2+l)2+02) > 34.
(Pham Kim Hung)
SOLUTION. As in the preceding problems, we denote

b 2 b
x=Z%;y=Zg;m=Z%;n= aé;
cyc

cyc cyc cyc
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The hypothesis shows that

2 b2
B s

cyc cyc

We also have two relations (similar to the relations in the previous problem)
ry=3+m+n, 2°+y> =mn+6(m+n)+12

and therefore

4y =22+ y2+ 22y =39+ 2n
= mn+6(m+n)+ 12 =39 + 2n(30 — n — 3m).
Denoting r = /39 + 2n, it follows that 2n = r? — 39 and
m(r? —39) + 12m + 6(r* — 39) + 24 = (99 — r? — 6m)

210 4+ 997 — 612 — 13
m =

r2 +6r — 27
_ . 210 +99r — 612 — 3 2 —39 )
m-—n= — = )
r2 4+ 6r — 27 2

By Schur inequality, we have n 4 3 > x + y. Therefore

n+3>v39+2n =n?4+4n—-30>0 =n> —2+34 = r > /354 2V34.

On the other hand, because m — n = f(r) is a decreasing function of r, we conclude
m—nSf( 35+2\/:'T4> <1

and

2
1 1 1 1 1 1
212, 2 2
(a +0b +C)(a+b+c> —(a+b+c) (a2++62>—2(m—n)<2
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Article 4

Cyclic Inequalities of Degree 3

1.9 Getting Started

Hoo Joo Lee proposed the following result a long time ago (known as “Symmetric
inequality of Degree 3” theorem, or SD3 theorem)

Theorem 2 (SD3). Let P(a,b,c) be a symmetric polynomial of degree 3. The following con-
ditions are equivalent to each other

e P(1,1,1), P(1,1,0), P(1,0,0) > 0.
e P(a,b,c) > 0Va,b,c>0.

Although this theorem is quite strong, it is restricted to the field of symmet-
ric inequalities. With the help of our global derivative and the mixing all variables
method, we will figure out a more general formula to check cyclic inequalities which
have degree 3. It will be called ”"Cyclic inequality of Degree 3” theorem, or CD3 the-
orem,

Theorem 3 (CD3). Let P(a,b,c) be a cyclic homogeneous polynomial of degree 3. The
inequality P > 0 holds for all non-negative variables a, b, c if and only if

P(1,1,1) > 0; P(a,b,0) > 0 VYa,b > 0;

PROOF. The necessary condition is obvious. We only need to consider the sufficient
condition. Assume that

P(1,1,1) > 0; P(a,b,0) > 0 VYa,b > 0;
We will prove that for all a, b, c > 0 we have

P(a,b,c) :mZa3+nZaQb+pZab2+qabczO.

cyc cyc cyc

The condition P(1,1,1) > 0 yields that

m>0;3m+3n+3p+q>0;
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The condition P(a,b,0) > 0 Va,b > 0 yields that (by choosing a = b = 1and a =
1,b=0)
P(1,0,0) =m>0; P(1,1,0) =2m+n+p>0.
Consider the inequality
mZa3 +n2a2b+p2ab2 + gabc > 0.
cyc cyc cyc

Taking the global derivative, we get

3m (Zcﬁ) +n (Za2+22ab> +p<2b2+22ab> + <q2ab> >0

cyc cyc cyc cyc cyc cyc

or
(3m+n+p)2a2+(2n+2p+q)2ab20.

cyc cyc
Notice that 3m +n+p=m+ (2m+n+p)>0and Bm+n+p)+ (2n+2p+q) =
3m + 3n+ 3p + ¢ > 0, so we deduce that

(3m+n+p)Za2+(2n+2p+q)2ab2(3m—|—n+p) (Zag—Zab> > 0.

cye cye cye cye
According to the principle of the global derivative, the inequality P(a, b, ¢) > 0 holds
if and only if it holds when min{a, b, ¢} = 0. Because the inequality is cyclic, we may
assume that ¢ = 0. The conclusion follows immediately since P(a,b,0) > 0 Va,b > 0.

Comment. 1. Hoo Joo Lee’s theorem can be regarded as a direct corollary of this
theorem for the symmetric case. Indeed, if n = p, the inequality

P(a,b,0) = m(a® + %) + n(a?b + b%a) > 0

holds for all a,b > 0 if and only if m + n > 0 (this property is simple). Notice that
m+n = P(1,1,0), so we get Ho Joo Lee’s inequality.

2. According to this theorem, we can conclude that, in order to check an arbitrary
cyclic inequality which has degree 3, it suffices to check it in two cases, when all
variables are equal and when one variable is 0. For the inequality F(a,b,0) > 0,
we can let b = 1 and change it to an inequality of one variable only (of degree 3).
Therefore, we can say that every cyclic inequality in three variables a, b, c of degree
3 is solvable.

\%

With the help of this theorem, we can prove many nice and hard cyclic inequal-
ities of degree 3. Polynomial inequalities will be discussed first and the fraction in-
equalities will be mentioned in the end of this article.
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1.10 Application for Polynomial Inequalities

Example 1.10.1. Let a, b, c be non-negative real numbers. Prove that

) ) 3

3 3 3 2 2 2

a’+b+c+ | —=—1)abec> a“b+ b“c+ c“a).
<<ﬂ > B )

3
7
SOLUTION. Clearly, the above inequality is true if a = b = ¢. According to CD3
theorem, it suffices to consider the inequality in one case b = 1, ¢ = 0. The inequality
becomes

PH1> a?,

V4
which simply follows from AM-GM inequality

3 3
a a 3

Ad+l=—+—+1>—a2

2 2 1
The equality holds fora = b = cor a = v/2,b = 1, ¢ = 0 up to permutation.
\%
Example 1.10.2. Let a, b, c be non-negative real numbers with sum 3. Prove that
a?b + b%c + 2a + abe < 4.
SOLUTION. The inequality is equivalent to
27(a®b + b*c + c*a + abe) < 4(a+ b+ c)>.

Because this is a cyclic inequality and holds for a = b = ¢, we only need to consider
the case ¢ = 0 due to CD3 theorem. In this case, the inequality becomes

24a°b < 4(a + b)3.
By AM-GM inequality, we have

3 a a 3 27a%b
=(=+= > .
(a+b) (2+2—|—b> Z—

Therefore we are done. The equality holds for a = b= cor (a,b,c) ~ (2,1,0).
\%
Example 1.10.3. Let a,b, c be non-negative real numbers. Prove that

4(a® + b3 + ) + 12(a?b + bPc + 2a) > 15(ab® + be? 4 ca®) + 3abe.
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SOLUTION. Because the inequality is cyclic and holds for a = b = ¢, according to
CD3 theorem, it is enough to consider the case ¢ = 0. The inequality becomes

4(a® + b%) + 12ab > 15ab?,

or
(2a — b)*(a + 4b) > 0,

which is obvious. The equality holds for a = b = cor (a,b,¢) ~ (1,2,0).
\%
Example 1.10.4. Let a,b, c be non-negative real numbers with sum 4. Prove that
5(ab? + be? 4 ca?) + 3abe < 36 + 3(a®b + bc + c*a).

4
SOLUTION. Because the inequality is cyclic and holds fora = b=c = 3 it suffices to
consider it in case ¢ = 0 and a + b = 4. We have to prove that

5ab® — 3a%b < 36

or
a(4—a)(5—2a) <9.

Applying AM-GM inequality, we have the desired result

1 1
a(4—a)(5—2a) = §~(3a)~(4fa)o(572a) < §(3a+4fa+572a)3:9.
The equality holds for a = 1,b = 3, ¢ = 0 and every permutation.

\%

Example 1.10.5. Let a, b, ¢ be non-negative real numbers such that a + b+ ¢ = 3. For each
k >0, find the maximum value of

a®(kb+ ¢) + b* (ke + a) + ¢*(ka +b).
(Pham Kim Hung)

SOLUTION. Because the expression is cyclic, we can assume first thatc = 0,a +b = 3
and find the maximum value of

F = ka®b + Va.

27
For k = 1, we have F = ab(a + b) = 3ab < R by AM-GM inequality. Otherwise,
assume that k& # 1. We denote

fla) =ka*(3 —a)+ a3 —a)> = (1 — k)a® + 3(k — 2)a® + 9a.
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We have
f'(a) =3(1 = k)a® + 6(k — 2)a + 9.

Now we check the roots of the derivative and use that a € [0, 3]

2-k—vVE2 —k+1 VE—k+14+k-2

1oy — L
ffla)=0 & a=ag= T % = —

The maximum of f(a) is attained for ¢ = ag and

B 2(k? — k +1) 3(k — 2)
max f(a) = f(a0) = (ki(\/k? k+1 +k—2) —

According to CD3 theorem, we conclude that the maximum of
a®(kb + ¢) + b*(kc + a) + ¢*(ka + b)

is

(k k-1

Comment. According to this proof and CD3 theorem, we also have the following

min{3(k+1) w(vkﬂ Fl+k—2)+ (k_z)}.

similar result

% Given non-negative real numbers a, b, c such that a4+ b+ c = 3, for each k > 0, prove
that
a®(kb+ c¢) + b*(ke + a) + ¢*(ka + b) + mabe >

min{S(k‘—l—l)—l—m (k(kkﬂ(\/2 k+ 1 —|—/<J—2> (: 12)}.
v

Example 1.10.6. Let a, b, c be non-negative real numbers such that a + b+ ¢ = 3. For each
k > 0, find the maximum and minimum value of

a®(kb — ¢) 4+ b*(kc — a) + ¢*(ka — b).
(Pham Kim Hung)

SOLUTION. As in the preceding solutions, we will first consider the case ¢ = 0. De-
note

ka?b — ab® = ka*(3 — a) — a(3 — a)? = —(k + 1)a® + 3(k + 2)a® — 9a = f(a),

then we get
f'(a) = =3(k + 1)a® +6(k + 2)a — 9.
The equation f’(a) = 0 has exactly two positive real roots (in [0, 3])

E+2—-VE2+Ek+1 k+2+VE2+Ek+1
k+1 2= k+1

a; =
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Therefore, we infer that

. - 2R k1) Sk+2)
agé%]f(a)—f(a1)—w(k+2_m)_ k1

2(k* + k+1) 3(k+2)
A TR hro+ V2 + k =M.
nax fla) = flar) (k+1)2 (Jr VeSS +) kot 1

The inequality is cyclic, and therefore, due to CD3 theorem, we conclude
min a?(kb — ¢) + b*(kc — a) + ¢*(ka — b) = min {3(k — 1) ;m} ;
max a?(kb — ¢) + b*(kc — a) + 2(ka — b) = max {3(k — 1) ; M} ;
Comment. According to this proof and CD3 theorem, we obtain a similar result
* Given a,b,c > 0 such that a + b+ ¢ = 3 and for each k > 0 and m € R, we have
min{a?(kb — ¢) + b*(kc — a) + c¢*(ka — b) + rabc} = min {3(k — 1) +r;m} ;
max{a®(kb — ¢) + b*(kc — a) + *(ka — b) 4+ rabc} = max {3(k — 1) +r; M} .
\%

The following theorem is a generalization of the “cyclic inequality of degree 3”
theorem for non-homogeneous inequalities.

Theorem 4 (CD3-improved). Let P(a,b, c) be a cyclic polynomial of degree 3.

P(a,b,c) mZa +nZa2b+pZab2+qabc+rZa —I—SZab—l—tZa—l—u

cyc cyc cyc cyc cyc cyc

The inequality P > 0 holds for all non-negative variables a, b, ¢ if and only if
P(a,a,a) >0; P(a,b,0) > 0Va,b > 0;

PROOF. We fix the sum a + b + ¢ = A and prove that for all A > 0 then

(a,b,0)=mY _d® +nZa2b+pZab2+qabc+<Za +sZab> <Z )

cyc cyc cyc cyc cyc cyc

+% (Za)l}i (Za)gzo.

cyc cyc

Since Q(a, b, ¢) is a homogeneous and cyclic polynomial of degree 3, according to the
CD3 theorem, we can conclude that Q(a, b, ¢) > 0 if and only if

R(a) = Q(a,a,a) >0;5(a,b) = Q(a,b,0) >0.
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Now, since both R(a) and S(a,b) are homogeneous polynomials we can normalize
and prove that R(A) > 0 (assuming that a = A) and Q(a,b) > 0 (assuming that
a+b = A).Since S(A) = P(a,a,a) > 0and S(a,b) = P(a,b,0) > 0 by hypothesis,
the theorem is proved completely.

\Y

Here are some applications of this theorem.

Example 1.10.7. Let a,b, c be non-negative real numbers. Prove that

a? +b* 4+ +2+ g(a2b + b%c+ c*a) > 3(ab + be + ca).

(Pham Kim Hung)
SOLUTION. For a = b = ¢ = t, the inequality becomes
4 — 62 +2>0 < 2(t—1)*(2t +1) > 0.
This one is obvious, so we are done. Equality holds fora = b =c¢ = 1.
For ¢ = 0, the inequality becomes
%a%—I—a2 + b2 +2>3ab

or
fla) = (gb—i—l) a®> —3b-a+ (b>+2) > 0.

Since
Ay = (3b)*—4 (§b+ 1) (b*+2) <9°—4(b+1) (b +1) = —4b° +5b* —4b—4 < 0,
the inequality is proved in this case as well. The conclusion follows immediately.
\%
Example 1.10.8. Let a,b, c be non-negative real numbers. Prove that
a® 4+ 0% + 2 +2(a®b + bc+ ?a) + 12 > 6(a + b+ ¢) + ab + be + ca.

(Pham Kim Hung)

SOLUTION. For a = b = ¢ = t, the inequality becomes 6t> + 12 > 18, or 6(¢ — 1)?(¢ +
2) > 0, which is obvious. Therefore it suffices to prove the inequality in case ¢ = 0.
In this case, we have to prove that

a® +b% +2a*b +12 > 6(a + b)
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or
fa) = a®(1 + 2b) — 6a + (b* — 6b + 12) > 0.

Since
Ay =9~ (1+2b)(b% — 6b+12) = —2b% + 116> — 185 — 3 < 0,

so we are done. The equality holds fora =b=c = 1.

\%

Example 1.10.9. Let a,b, c be non-negative real numbers. Prove that

1
a>+b*+c2+3+ g(aQb—l—ch—l—cza—l— 15abc) > a + b+ ¢+ 2(ab + be + ca).
(Pham Kim Hung)

SOLUTION. If a = b = ¢, the inequality is obvious. If ¢ = 0, it becomes

a?b
a2+b2+3+?2a+b+2ab

or

a? (1+Z) —(2b+1)a+ (b —b+3) > 0.

It is easy to check that

2 2
A:(2b+1)2—4<1+2> (b2—b+3)=—§b3+§b2+6b—11.

Case b < g We have

2, 31 16b
A=—-=0 -0 —-b+1)— | = - —=— .
2 +1) (3 3><0

Case b . We have

1 5 2
A=—(=0—6b+11) — [ —=b> — b2 .
(4 6b + > <12 3 <0

Therefore A < 0 in every case, and we are done. Equality holds fora = b = ¢ = 1.

Vv
o] 0o

\Y
Example 1.10.10. Let a, b, c be non-negative real numbers. Prove that
2(a® +b% 4 ¢*) 4+ abc 4 ab 4 be+ ca+2 > 2(a*b+b*c + c*a) +a* + b+ +a+b+c.

(Pham Kim Hung)
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SOLUTION. If a = b = ¢, the inequality is obvious, with equality fora = b = ¢ = 1.
Therefore we can assume that ¢ = 0, and the inequality becomes

2@ +b%) +ab+2>2a*b+a’>+ > +a+b.
We may assume that ¢ > b. Denote
fla) =2(a® +b%) +ab+2 —2a%*b —a® —b* —a —b.
If a > 1 then
f'(a) =6a* —4ab+b—2a—1>2a*-3a+1=(a—1)(2a —1) > 0.
Therefore
fla)> f(b) =20 —b* —2b+2=2(b—1)*(b+ 1) + b> > 0.

Therefore we may assume that a < 1. It suffices to prove that

2(a®* +b*) +2>ab+a* +b* +a+b.
Let = a + b, y = ab. The inequality becomes

2v(z® —3y) +2> 2 —y+u

or
223 — 2% —x + 24+ y(1 — 6x) > 0.

2
Since 0 <y < xz, the previous inequality is proved if we can prove that

203 — 2?2 —x +2>0 (1)
2
2363—1:2—:5—1—24—%(1—635) >0 (2)
Inequalities (1) and (2) can be proved easily, so we are done. The equality holds if
andonlyifa=b=c=1.
\Y

The theorem "Cyclic inequality of Degree 3” is a natural generalization of Hoo Joo
Lee’s theorem from symmetry to cyclicity (for expressions of three variables). Sim-
ilarly, we have a very nice generalization of Hoo Joo Lee’s theorem for symmetric
inequalities of 4 variables in degree 3. It is proved by the global derivative as well.

Proposition 1. Let P(a,b, c, d) be a symmetric polynomial of degree 3. The inequality P >
0 holds for all non-negative variables a, b, ¢, d if and only if

P(1,1,1,1) > 05 P(1,1,1,0) > 0; P(1,1,0,0) > 0; P(1,0,0,0) > 00
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SOLUTION. The necessary condition is obvious. To prove the sufficient condition, we
will use Hoo Joo Lee’s theorem. WLOG, assume that

P(a,b,e,d) = aZa3 +62a2(b+c+d) —|—672abc.
cyc cyc cyc
Taking the derivative, we get the following polynomial

Q(a,b,c,d) = (3a+38) Y a’+ (28+67) Y _a(b+c+d).

cyc cyc

1
Clearly, Q > 0 because Y a? > - Z (b+c+d),3a+38 = gP(l, 1,0,0) > 0 and

cyc 3

(a+38) + 328+ 67) = 3(a + 38 + 67) = ZP(L 1.1,1) > 0.

Since @ > 0, according to the principle of the global derivative method and by the
method of mixing all variables, it suffices to prove that

P(a,b,¢,0) > 0.

Since P(a, b, ¢, 0) is a symmetric polynomial in a, b, ¢, we have the desired result due
to Hoo Joo Lee’s theorem.
v

Proposition 2. Let P(x1, %2, ..., ) be a third-degree symmetric polynomial

—@Zx —|—ﬂZx T4y Z TikiTy

i#] i#j#k
such that 3a+ (n—1)5 > 0. The inequality P(x1, z2, ..., ) > 0 holds for all non-negative
variables 1, xa, ..., Ty, if and only if

P(1,0,0,...,0) > 0; P(1,1,0,0,...,0) > 0;...; P(1,1,..,1,0) > 0; P(1,1,1,...,1) > 0.

PROOF. To prove this problem, we use induction. Assuming that the theorem is
proved already for n — 1 variables, we have to prove it for n variables. Generally,
the polynomial P(z1, x2, ..., ) can be expressed in the following form

—ozZz +BZ:C T4y Z TiT L.

i#] i#j#k
Taking the global derivative, we get the polynomial

—304295 +(n—-1) BZJC +252mx3+3 n—2’nylmJ

i i

=Ba+n-1p)> 27+ (28+3(n—2)7)> z;.
i=1 ]
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Moreover, since P(1,0,0,...,0) >0, P(1,1,0,0,...,0) > 0, we get
P(1,0,0,...,0) =a >0;

Due to AM-GM inequality, we get

n
Zx? > ni 1 lexj
i=1

i#]

Since P(1,1,1,...,1) > 0, we get
P(1,1,.,1)=na+n(n—1)F+nn—-1)(n—2)y>0

==a+nm-1)F+n—-1)(n—-2)y>0
:>304+(n—1)ﬁ

— + (284 3(n—2)y) >0.

Therefore
3a+(n—1 =
R ] D
i=1 i#j

By the principle of the global derivative and the mixing all variables method,
we infer that, in order to prove P(z1,%2,..,z,) > 0, it suffices to prove
P(x1,29, ..., 2n—1,0) > 0. Notice that 3a+ (n—1)8>0; a > 0,s03a+ (n—2)5 > 0.
The conclusion follows immediately by induction.

\Y
Example 1.10.11. Let a, b, ¢, d be non-negative real numbers. Prove that
4(a® +b® + ¢ + d*) + 15(abe + bed + cda + dab) > (a + b+ ¢+ d)>.

SOLUTION. Because this is a third-degree symmetric inequality of four variables,
according to the generalization of the SD3 theorem, it suffices to check this inequality
incasea =b=c=d=1ora=0b=c=d=1ora=b=0,c=d=1
ora = b =c = 0,d = 1. They are all obvious, so we have the desired result. The
equality holds fora =b=c=dora = b= ¢,d = 0 up to permutation.

\%

Example 1.10.12. Let a, b, ¢, d be non-negative real numbers such that a + b+ c+d = 4.
Prove that

a® + b+ +d® 4+ 10(ab + be + cd + da + ac + bd) < 64.
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SOLUTION. The inequality can be rewritten as (homogeneous form)

5
a3+b3+03+d3+§(a+b—l—c—i—d)(ab+bc+cd+da+ac+bd)S(a+b+c+d)3.

It is easy to check that the inequality holds for (a, b, ¢,d) = (1,1,1,1) or (1,1,1,0) or
(1,1,0,0) or (1,0,0,0) (and it is an equality for (1,1,1,1),(1,0,0,0)). Therefore, the
inequality is proved due to the previous proposition, with equality for (1,1,1,1) and
(4,0,0,0).

v

Example 1.10.13. Let a, b, ¢, d be non-negative real numbers such that a + b+ c+d = 4.
Prove that

el

A+ +E+d+ 3 ab + bc + cd + da + ac + bd) > 32.

SOLUTION. The inequality can be rewritten as (homogeneous form)

1
a3+b3+c3—|—d3—|—%(a—!—b—&—c+d)(ab+bc+cd+da+ac+bd) > §(a+b—|—c—|—d)3.

By the previous proposition/theorem, it suffices to consider this inequality in the
cases (a,b,¢,d) € {(1,1,1,1),(1,1,1,0),(1,1,0,0), (1,0,0,0) }. In these cases, the in-
equality is clearly true, with equality for (1,1, 1,1) and (1, 1, 1, 0). Therefore the initial

4 4 4
inequality is proved successfully, with equality for (1,1,1,1) and <3, 3y O> .
\Y

Example 1.10.14. Let ay, az, ..., a, (n > 3) be non-negative real numbers. Prove that

& 3
’I’L2 ;a?—Fn_ZZChCLQGz;ZZCUCLQ(CLl—‘rCLQ).

cyc cyc
(Vasile Cirtoaje)
-1
SOLUTION. In this problem, we have oo = o and 8 = —1. Because
3(n—1 -1
Satm-1)p=""Y =t

2

according to the previous theorem (generalization for n variables), we get that it
suffices to consider the initial inequality in case some of the variables a1, as, ..., an
are 1 and the other are 0. For 1 < k < n, assume that a; = a» = ... = a; = 1 and
k41 = Uft2 = ... = Aj+n = 0, then the inequality becomes

k(n—1) 3 k(k—1)(k—2)

. > k(k—1
2 Jrn—2 6 > K( )
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(k—1)(k—2)
n—2
< (n—k)(n—k+1)>0.

s n—1+ >2(k —1)

This inequality is obvious because k € {1,2,...,n}, and we are done. Equality holds

forai =ay=..=ap0ra; =as =..=an_1,a, = 0.

\%
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1.11 Applications for Fraction Inequalities

In this section, we will return to the theorem CD3 presented before. Starting from
CD3 we will obtain the following result ("Cyclic inequalities of degree 3 for frac-
tions”), a very general and useful result in proving fractional inequalities.

Proposition 3. Consider the following expression of non-negative real numbers a, b, ¢

ma+nb+pc mb+nc+pa  mec+ na+ pb
aa+pb+vc  ab+Bc+va  ac+ Pa+b’

in which a,b, ¢ € Rand o, 8,7 € R*. The inequality F(a,b,c) > k holds for all a,b,c > 0
ifand only if F(1,1,1) > k and F(a,b,0) > k forall a,b > 0.

F(a,b,c) =

PROOF. It is easy to see that this proposition is directly obtained from the theorem
CD3. Indeed, consider the expression

G(a,b,c) :Z(ma+bp+pc) (ab+ Be+ vya) (ac—i—ﬁa—l—vb)—kn(aa—i—ﬁb—&—vc).

cyc cyc

By hypothesis, we have G(1,1,1) > 0 and G(a,b,0) > 0. Moreover, G is a cyclic
polynomial of degree 3. The conclusion follows from the theorem CD?3 instantly.

\Y%

According to this propostion, we can make up a lot of beautiful and hard inequal-
ities. Here are some of them.
Example 1.11.1. Let a, b, c be non-negative real numbers. Prove that

a+2b b+2c c+2a
c+2b a+2 b+2a "

(Pham Kim Hung, Volume I)

SOLUTION. The inequality is cyclic and holds for ¢« = b = ¢, so, according to the
previous theorem, we can assume that b = 1,c¢ = 0. In this case, we have to prove

that +2 1 2
a a
- >
2 +a+1+2a*3
a a+1
& >
2+a(1+2a) -

Applying AM-GM inequality for the left-hand expression, we get

2a(1 +a)

LHS >/ ———=
52 a(l + 2a)

> 1.

That means, the inequality holds for ¢ = 0. The conclusion follows immediately.

\Y%
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Example 1.11.2. Let a, b, c be non-negative real numbers. For each k > 0, find the minimum

of the expression
a+kb b+kc c+ka

c+kb a+kc b+ka

(Pham Kim Hung, Volume I)

SOLUTION. For b = 1, ¢ = 0, the expression becomes

a+k 1 ka a 1 1
- - N .
o) ===+ v T =2 i e T

If k¥ <1 then, according to AM-GM inequality, we have

f(a)22+%—123.

We will now consider the main case, when k& > 1. Clearly,

a 1 1 a
=24+ -4+ -——>2+4 - > 2.
Ha) =24 o+ T 22F 5
However, 2 is not the minimal value of f(a). To find this value, we have to use deriva-

tives. We have first
1 1 k

FT @ T Tt ka2

The equation f’(a) = 0 is equivalent to

f'(a) =

k*a* 4 2ka® — (K* + k* — 1)a® — 2k%a — k = 0.

It is easy to check that the equation has exactly one real root ag, so

. ap 1 1
min f(a) = f(ao) + - + a0 1 kag

According to the CD3 theorem (for fractions), we conclude that

. a+kb+b+kc+c+ka min L3 2+a0+1 1
min = mi . ¢ _ .
! c+kb a+kc b+ka ' E  ap 14kag

Comment. 1. Because f(a) > 2 Va > 0, we conclude that
% For all non-negative real numbers a, b, c, k

a+kb b+ke c—l—k;a>2
c+kb a+kc bi+ka ™

2. We can try some estimations for ag. Clearly, ap < vk and ag > vk —1,s0

a1 1.2 1
ko ag 1+kay ~ VE 1+kvVk—1
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a+kb b+kec c+ka 2 1

i —mind3:24 ———— Lyps1

jmln{c+kb+a+kc+b+ka} mm{ et 1+k\/k:—1} -

and we get a very nice result

% For all non-negative real numbers a, b, c

a+Vib b+ V7c

n +c+\ﬁa>
c+ VT a+Tc

b+V7a ~

\%
Example 1.11.3. Let a, b, c be non-negative real numbers. Prove that

a+b b+c
“a+4b+c

b+4c+a

c+a <%
c+4a+b 3

(Pham Kim Hung)

SOLUTION. For b = 1, ¢ = 0, the inequality becomes

a+1 1 a
>1
a+4+a+1+4a+1_ (*)

and

a+1 1 a

4
< —
critari T ari Sz
The inequality (x) is equivalent to (after expanding)

a®—3a%>+Ta+5>0,

which is obvious because

a® —3a% +7a2 > (2\ﬁ—3)a220.

The inequality (+«) is equivalent to (after expanding)

a®+20a%> —3a+1>0,

which is obvious, too, because

20a% — 3a+1 > (2\/20— 3) a>0.

Because the inequality holds if one of a,b, c is equal to 0, it is also true if a = b = c.

Therefore, we have the conclusion due to the "Cyclic inequalities of degree 3- theo-
rem for fractions”. Only the left-hand inequality has an equality case for a = b = c.

\Y%
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Example 1.11.4. Let a,b, c be non-negative real numbers. Prove that

/ a / b / c
< 1.
4a+4b—|—c+ 4b+4c—|—a+ 4c+4a+0b —

(Pham Kim Hung, Volume I)

SOLUTION. It suffices to prove that

a b c
4a+4b+c+4b+4c—|—a+4c—|—4a+b

1
Sg (%)

For ¢ = 0, the inequality becomes

a b 1
+ <=
4a+4b 4b+a — 3

or (after expanding)
(a —2b)? > 0.

Therefore we are done according to the proposition. In (x), the equality holds for
a=">b=cor (a,bc) ~ (2,1,0). In the initial inequality, the equality only holds for
a=b=c

\%

Example 1.11.5. Let a, b, ¢ be non-negative real numbers. For each k,l > 0, find the maxi-
mal and minimal value of the expression

a b c
ka+lb+c+kb+lc+a+kc+la+b'

(Pham Kim Hung)

SOLUTION. First we will examine the expression in case b = 1, ¢ = 0. Denote

a 1
_|_

o) =it v

)

then we get
l 1

f@) = Gav? " Grar

The equation f’(a) = 0 has exactly one positive real root a = /1. So, if | > k? then

min f(a)zf(\ﬁ) = k‘—l—zxﬂ7
swp f(a) = lim_fla) =7 .

Otherwise, if [ < k2 then

min f(a) = f(0) = —;
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max f(a)zf(\ﬁ)szrﬂ.

For ! = k2 then we have

a 1 1
fla) = ka+k2+k+a k-

Denote by
a b c

F = .
ka+1b+c * kb+lc+a * kc+la+b
According to the previous results, we have the conclusion

minF—min{ 3 1 2 }
B E+1+1"k k+V1J

. 3 1 2
= max T ;
sup BV 1k ke vi)

Comment. According to this general result, we can write down a lot of nice inequal-

ities such as

* Given non-negative real numbers a,b, c and for all k > 1, prove that

3 a b c 1
< < =,
kK2+k+1— ka+k2b+c+kb+k20+a+kc+k2a+b— k

% Given non-negative real numbers a, b, ¢, and for all k > 0, prove that

a b c

1
> —.
Fat (2k—1btec Rt (@k—Deta ket (@k—Datb - &

* Given non-negative real numbers a,b, ¢, and for all k > 0, prove that

(k* —k+1)a (k* —k+1)b n (k* —k+1)c <1
(2k? =3k +2)a+ k*b+c (2k? —3k+2)b+ k*c+a (2k%2—3k+2)c+k*a+b ~

In the last inequality, by letting k = 3, we obtain the following result
* Given non-negative real numbers a, b, ¢, prove that

b 1
A <.
1la4+9%+c¢ 11b+9c+a 1lc+9%a+b — 7

Notice that the equality holds for a = b = cor (a, b, c) ~ (3,1,0).
\%

Example 1.11.6. Let a, b, ¢ be non-negative real numbers. Prove that

3a+2b+c¢c 3b+2c+a 3c+2a-+b
a+2b+3c b+2c+3a c+2a+3b
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SOLUTION. First we have to consider the inequality in case b = 1, ¢ = 0. In this case,
the inequality becomes

3a+ 2 3+a 2a—|—1>3
a+2 3a+1  2a+3

o 2a " 3+a S 2a+5
a+2 3a+1~ 2a+3
or (after directly expanding)

4a% +3a®> —3a+4 > 0.
This last inequality is obvious by AM-GM inequality
302~ 30+ 4> (2V12-3)a>0.

The inequality is true in case abc = 0. It is also obvious if a = b = c. According to the
main theorem, we have the desired result.

\Y%

Example 1.11.7. Let a, b, c be non-negative real numbers with sum 3. Prove that

at+b b+c c+a>3
1+b 14+c¢c 14+a =~

SOLUTION. The inequality is equivalent to (homogeneous form)

a+b b+c c+a >3
b+ a+§+c c—+ a+g+c a -+ a+g+c =

Because this problem is cyclic, homogeneous and holds if a = b = ¢, we can assume
that ¢ = 0 and a + b = 3. In this case, we have to prove that

3 a
——t+b+—>3
1—|—b+ +1+a_

3 n a S
a
4—a 14a—

s a®—4a2+3a+3>0

=

& al@a—22+3-a)>0

which is obvious because a € [0, 3]. The equality holds for only one case,a = b = ¢ =
1.

\Y%
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Article 5

Integral and Integrated Inequalites

1.12 Getting started

As a matter of fact, using integrals in proving inequalities is a new preoccupation in
elementary mathematics. Although integrals are mainly used in superior mathemat-
ics, only the following results are used in this article

1. If f(z) > 0Vz € [a,b] then f: f(x)dz > 0.
2. If f(x) > g(z) Vz € [a,b] then fab f(x)dz > f:g(x)dx
Example 1.12.1. Let ay, as, ..., a,, be real numbers. Prove that

> s 20

i,j=1
(Romania MO)

SOLUTION. This problem shows the great advantage of the integral method because
other solutions are almost impossible. Indeed, consider the following function

2
n o 1 n .
flz) = Z azajx' 1:; (Z aia:) )
So we have f(z) > 0 for all z > 0, therefore fol f(z)dx > 0. Notice that

1 n aa;
| = 30

ij=1

so the desired result follows immediately. We are done.
\Y

Example 1.12.2. Let a, b, ¢ be positive real numbers such that a + b + ¢ = 1. Prove that

b 3
(ab—i—bc—i—ca)( a T )>.

b2+b+62+c a2+ a 4
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(Gabriel Dospinescu)
SOLUTION. We will prove first the following result: for all z > 0

a b c 1
>
(x+b)? + (x+¢)? + (x+a)? = (z+ab+ bc+ ca)?

(%)

Indeed, by Cauchy-Schwarz inequality, we obtain

(S (£9) = (£+5)

or equivalently (because a +b+c = 1)

Zmz (Zx+b> M)

cyc cyc

Applying Cauchy-Schwarz inequality again

<ij—b> (Za(x—i—b)) > (a+b+c)?,

cyc cyc

or equivalently

a 1
> > (2)
r+b~ x4+ ab+bc+ ca

cyc

Results (1) and (2) combined show () immediately. According to (), we have

/01 <(a:46:b)2 * (xJIr)c)Q * (xfa)2> Z/01 ((z+ab+1bc+ca)2)’

a b c 1
>
b2+b+02+c+a2+a ~ (ab+bc+ ca)(1+ ab+ be+ ca)’

or

Wl =

and the problem is solved by the simple observation that ab + bc + ca <
\Y

Example 1.12.3. Let a, b, c be positive real numbers. Prove that

1 1 1 1
+ + >
b(1+ab)  c(l+bc)  a(l+ca) ™ ¥gpe (1 n «3/a2b202>

)

(Pham Kim Hung)
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SOLUTION. Taking into account example ??, we have

a n b n c S 3V abc
R N N Bl
r + Va?b’c )

Integrating on [0, 1], we get

Z/l a >/1 3vabe
e J0 (z+ab)> ~ Jo (x+«3/a2b202)2

or
1 1 1 3

> .
b(1 + ab) + c(14be) + a(l+ca) ~ ¥abe (1 N 3fa2bzc2)

Comment. 1. By integrating on [0, abc|, we obtain the following result
% Let a, b, ¢ be positive real numbers. Prove that

a b c 3

+ + > — 2
b(14+bc)  c(1+bc) a(l+ab) ~— 1+ Vabe @
2. By integrating on [0, V/abc], we obtain the following result
% Let a, b, ¢ be positive real numbers. Prove that
1 1 1 3
3 +—3 + > : )
b(Vabc+bc)  c(Vabc+be)  a(Vabe+ab) — abc+ Va?b?c?
3. Letting abc = 1 in each of these inequalities, we obtain the following result
% Let a, b, c be positive real numbers such that abc = 1. Prove that
1 1 1 3
> = 4
a(1+ab)+b(1+bc)+c(1+ca)_2 @

4. These inequalities can be solved by letting a = %T, b= k—zy, c= %
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1.13 Integrated Inequalities

The main idea of this method and is hidden in the following example proposed by
Gabriel Dospinescu in Mathlinks Forum.

Example 1.13.1. Let a, b, c be positive real numbers. Prove that

.ty s, 8, 3 3
4a  4b  4c a+b b4+c c+a  3a+b 3b+c 3c+a

(Gabriel Dospinescu)

SOLUTION. There seems to be no purely algebraic solution to this hard inequality,
however, the integral method makes up a very impressive one.

According to a well-known inequality (see problem ?? in volume I), we have
(2% + ¢ + 2°)? > 3(2°y + v’z + 7).
Denote x = %,y = t°, 2 = t, then this inequality becomes
(tQa + t2b + t26)2 Z 3 (t3a+b + t3b+c + t3c+a) .

Integrating both sides on [0, 1], we deduce that
"1 2b | 42c)2 Y1 sk s 3
/ - (2 1) dt23/ S (T T e dt,
0 0

and the desired result follows immediately

rrr, o, 8, 3 3
da  4b  4c  a+b b+c c+a  3a+b 3b+c 3c+a’

We are done. The equality occurs if and only if a = b = c.
\Y

This is a very ingenious and unexpected solution! The idea of replacing z,y, z
with z = t%, y = t*, » = t° changes the initial inequality completely! This method can
produce a lot of beautiful inequalities such as the ones that will be shown right now.

Example 1.13.2. Let a, b, c be positive real numbers. Prove that

1+1+1+ 3 > 1 + 1 + 1 + 1 + 1 + 1
3¢ 3b 3¢ a+b+c 2a+b 2b+c 2c+a 2b+a 2c+b 2a+c

SOLUTION. Starting from Schur inequality, we have

w +y° + 2% 4 Buyz > wy(e +y) +y2(y + 2) + 22(z + @),
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Letting now = = t%,y = t*, z = t°, the above inequality becomes

> = (EUP (4 0) TP 1) T + 1))

% (tBa + t?)b + tSc + 3ta+b+c) > %

Integrating both sides on [0, 1], we have the desired result immediately.

\%

Example 1.13.3. Let a, b, c be positive real numbers. Prove that

Lyl s o0 0 s 9 9 49
a b ¢ 3a+b 3b+c 3c+a a+3b b+3c c+3a
(Pham Kim Hung)
SOLUTION. Let k = Z We start from the following inequality
2t oyt 2 RSy P+ 2Br) > (1 V2) (a4 y2® + 2a®) (1)

Denoting = = t%,y = t°, z = t¢, we obtain
Zt4a71 + kzt3a+b71 > (1 + k‘) ZtaJerfl'
cyc cyc cyc
Integrating both sides on [0, 1], we get the desired result.

Finally, we have to prove the inequality (1) with the help of the global derivative and
the mixing all variables method. Taking the global derivative, it becomes

42333 +k <3Zx2y+zx3> > (1+k) (ng +32$y2>
cyc cyc cyc cyc cyc

or

4Zx3+3k2x2y23(1+k‘)2my2.

cyc cyc cyc

Since this is a cyclic inequality of degree 3, we may assume that z = 0 and we should
prove next that
4(z3 + ) + 3kay > 3 (1 4 k) zy>.

This follows from AM-GM inequality immediately since
4y3 + 3kay > 4V3kay? > 3 (1 4+ k) zy?.
Then we only need to prove (1) in case y = 1, z = 0. In this case, (1) becomes

st 1+ k2 > (14 k).
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Denote f(z) = z* + kz® — (1 + k) x + 1, then we get
f(x) = 42® + 3ka® — (1 + k).
This function has exactly one positive real root + = xy ~ 0.60406, therefore
f(z) > f(xo) = 0.05 > 0.

\Y%

Example 1.13.4. Let a, b, c be positive real numbers. Prove that

111 8 17/ 1 1 1
R el ey ey + + :

b ¢ a+b+ec 2a+b 2b+c 2c+a

(Pham Kim Hung)

8
SOLUTION. Let k = Y then we need to prove that

111 3k 1 1 1
+++>%+U( + >.

3a. 3b 3¢ a+b+c ™ 2a+b+2b+c 2c+a

According to example 1.10.1, we have
2® +y + 2% + 3kayz > (k+ 1) (2%y + vz + 2%2) (%)
Denote z = t%,y = t°, 2 = t¢, then the previous inequality is transformed to
t3a—1 + t3b_1 + 2530—1 =+ 3kta+b+c—1 > (k‘ + 1) (t2a+b—1 + t2b+c—1 +tc+a—1) )
We conclude that
1 1
/ (tSafl +t3b71 + t3571 + Skta+b+c71) dt > (k + 1)/ (t2a+b71 +t2b+cfl +tc+a71> dt
0 0

SR L . A L . —
3a 3 3¢ 3la+b+c) T 9 \2a+b 2b6+c 2c+a)’

which is exactly the desired result. The equality holds for e = b = c.
\Y

According to these examples and their solutions, we realize that each fractional
inequality has another corresponding inequality. They stand in couples - primary
and integrated inequalities - if the primary one is true, the integrated one is true,
too (but not vice versa). Yet if you still want to discover more about this interesting
relationship, the following examples should be helpful.
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Example 1.13.5. Let a, b, c be positive real numbers. Prove that

1+1+1+ 3 S 4 + 4 + 4 + 4 + 4 + 4
a b ¢ a+b+c " ba+b bBb+c be+a bb+a be+b ba+c

SOLUTION. We can construct it from the primary inequality

a® + 0%+ +a?b?? > S (a®(b+c) +b°(c+a) + P(a+1b)).

Wl Do

\%

Example 1.13.6. Let a,b, c, d be positive real numbers with sum 4. Prove that

8 8 8 8
> + + -

(a+b)(c+d)  (b+c)(d+a) (c+a)b+d) a+b+c+d

SOLUTION. It is easy to realize that this result is obtained from Turkevici’s inequality
a* +b* + ¢+ dt + 2abed > a®0? + V2P + Pd + dPa® + o + bR
\Y

Example 1.13.7. Let a, b, c be positive real numbers. Prove that

rprryroy ro s 2o 2, 2
4da  4b  4c  3a+b 3b+c 3c+a a+3b b+3¢ c+3a

(Vasile Cirtoaje)
SOLUTION. We use the following familiar result (shown in the first volume)
at + bt + P+ aPb+ b3+ Pa > 2(ab® + be + ca3)
to deduce the desired result. The equality holds fora = b = c.
\%

Example 1.13.8. Let a, b, c be positive real numbers. Prove that

4,4,4, 36 36 36 45 45 45 9
a b ¢ 2a+4+b 2b4+c 2c+a " a+2b b+2c c+2a a+b+c

SOLUTION. We use the following familiar result
27(ab® + bc? + ca® + abe) < 4(a +b +c)?
to deduce the desired result. Equality holds for only a = b = c.

\Y%
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Article 6

Two Improvements of the Mixing Variables
Method

1.14 Mixing Variables by Convex Functions

Using convex functions is a very well-known approach in proving inequalities, so it
would really be a mistake not to discuss them here. First, I want to return to a very
familiar inequality from the previous chapter, which can be proved in six different
ways with SOS method, SMV theorem, UMV theorem, the global derivative and
also using the general induction method and the nSMYV theorem (in the next section).
We are talking about Turkevici’s inequality

Example 1.14.1. Let a, b, ¢, d be non-negative real numbers. Prove that
a* + b* + 4+ d* + 2abed > a?b? + a?P + a?d? + V2P + b2d? + 2d2.

Analysis. As a matter of fact, SMV theorem gives a “one-minute” solution; however,
we sometimes don’t want to use SMV theorem in the proof (suppose you are hav-
ing a Mathematics Contest, then you can not re-build the general-mixing-variable
lemma then the SMV theorem again. In this section I will help you handle this mat-
ter. Let us review some problems from Volume I. Reading thoroughly their solutions
may bring a lot of interesting things in your mind.

Example 1.14.2. Let a, b, c, d be positive real numbers with sum 4. Prove that
abe + bed + cda + dab + a?b?>c? + b2 Pd? + Ad%a® + d?a?b? < 8.
(Phan Thanh Nam, Volume I)
Example 1.14.3. Prove that a* + b* + ¢* + d* > 28abed for all a, b, ¢, d > 0 satisfying
(a+b+c+d)?=3(a®+b*+c*+d?).

(Pham Kim Hung, Volume I)
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Analysis. Generalizing this solution, we can figure out a very simple and useful
method of proving four variable inequalities. The common method we use is to
rewrite the inequality by replacing sy = a + b,7; = aband sy = ¢ + d,z2 = cd.
Regarding it as a function of z; = ab and =5 = cd, we can show that the expression
attains the maximum or minimum when a = b,¢ = d or abed = 0. Let us see a de-
tailed solution.

SOLUTION. (for Turkevici’s inequality) Denote m = a? + b*,n = ¢? + d* and
x = ab,y = cd. We can rewrite the inequality in the following form

m? —22% +n? — 2% 4+ 22y > 22 +y? + (m? — 22)(n? — 2y)

or
f(z,y) = —22% — 2y* + 22y + m* + n® — (m? — 22)(n® — 2y) > 0.

Let us imagine that m and n are fixed as two constants. The variables = and y can
vary freely but 2z < m and 2y < n. Since the function f, considered as a one-variable
function in each variable z,, is concave (the coefficients of both 2% and y? are —1),
we get that

min f(x,y) = min f(o, 5)

m m " . .
where o € {O, 5} and 8 € {0, ?} (we use the proposition that if a n-variable
function is concave when we consider it as a one-variable function of each of its
initial variables, then the minimum of this function is attained at its boundaries -
this is one of the propositions on convex function in Volume I). Now if a = > and

B = g then we may assume that a = b,¢ = d. In this case, the inequality becomes
obvious
2(a* + ¢*) +2a°? > a* +b* + 4a’? & (a® - *)? > 0.

Otherwise, we must have o5 = 0. In other words, we may assume that abcd = 0.
WLOG, assume that d = 0, then the inequality becomes

a* + b+t > a?h? + 2P+ c2a2,

which is obvious, too. Therefore we are done in every case, and the desired result
follows.
v

Analysis. In this solution, we exploit the relationships 0 < z < %,O <y < n

Moreover, we should notice that it is necessary to fix m and n first and let z,y vary
(we can do that because for all 0 < zg < %, there exist two numbers a, b such that
ab = m and a”® + b? = n?). For further analysis , see the solution to another familiar
inequality already solved by SMV theorem.
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Example 1.14.4. Let a, b, ¢, d be non-negative positive real numbers with sum 1. Prove that

1 176
+ dab < — + —abed.
abce + bed + eda + dab < o7 o abed

SOLUTION. In this problem, we fixa +b=mand c+d = n. Letx = aband y = cd
then

1 176 1 176y
abc + bed 4 cda + dab — 77~ ?abcd—my—l—nx— 7~ o7

is a linear (convex) function in both x and y. It only reaches the maximum at bound-

= f(z,y)

ary values, namely

2 2
max f(z,y) = f(o,8) ;a € {O,TZ} ;B € {O,Z} )

2 TL2

™ and 8= T we have a = b, ¢ = d. In this case, the problem becomes

Ifo =
Ty

176a2c?
27

1
2(a’c+ c%a) < —
(ac+ca)_27+

1
for all non-negative real numbers a,cand a + ¢ = 3 This inequality is equivalent to

176022 +1 > 2Tac,

1 1
which is obviously true since ac < 6 The equality holds fora = b =c=4d = T
2 2
Otherwise, if o # mT and § # nZ, we must have mn = 0 or abed = 0. WLOG,
1
assume that d = 0, the inequality becomes abc < 77 if a + b + ¢ = 1. This follows

1
immediately from AM-GM inequality and attains equality fora = b = ¢ = 3" We
are done.

\%

These solutions suggest two ways of using this techique: the first way is to fix
a + b,c + d and the second way is to fix a? + b?,¢? + d?. Sometimes, we may fix
a®? + b2,c? + d? and consider a + b,c + d as variables, etc. All these are directed
towards the same objective to make a = b, ¢ = d or abcd = 0. This is the reason why I
consider this as a mixing variable method (to make a = b or ab = 0). Finally, we have
some applications of this very simple and elementary technique.

Example 1.14.5. Let a,b, c, d be non-negative real numbers with sum 4. Prove that
a?b? + b2 + Ad? + d?a® + a?>? + b2 d? + 10abed < 16.

(Pham Kim Hung)
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SOLUTION. We fix a + b = m and ¢+ d = n. Let ab = x and ¢d = y then

Z a®b*® + 10abed = 2% + y* + (m?* — 2z)(n® — 2y) + 102y

cyc

are convex functions in each variable = and y. Therefore we only need to consider

m2 ’)’L2

2 2
. . m n i
Consider the first case x = — and y = R In this case, we have ¢« = band ¢ = d.

the case

The inequality becomes
a* + c + 14a*c* < (a + o)t
Clearing similar teams, we get the following inequality
4(aPc+ Ba) > 8a*c?,

which follows from AM-GM inequality. The equality holds fora = b =c=d = 1.
Now it’s time for the second case zy = 0 or abed = 0. WLOG, assume that d = 0. The
inequality becomes

a?b? + b2 + 2a® < 16.

WLOG, assume that a > b > c. Since a + b + ¢ = 4, we infer that
a’b? + b2c* + *a® < a®b? + 2a%be < a*(b + ¢)? < 16.

This ends the proof. The equality holds fora =b=c=d=1ora=b=2,c=d =0
or permutations.

\Y
Example 1.14.6. Let a,b, c, d be non-negative real numbers with sum 4. Prove that
(14 3a)(1+3b)(1+3c)(1+3d) <125+ 131abed
(Pham Kim Hung)

SOLUTION. We fixa + b =m and ¢+ d = n. Let z = ab and y = c¢d (we regard = and
y as variables). The inequality becomes

(14+9y+3n)(1+ 9z + 3m) — 125 — 131zy > 0.

This expression is a linear (and also convex) function in each variable z and y, we
get that it suffices to consider the case

m2 n2
€305 ¢ y€e0s
SRRSO
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If zy = abed = 0, we infer that one of the four numbers a, b, ¢, d is 0 and the inequality
2

. . m n .
becomes obvious. Otherwise, we must have x = — and y = —, or in other words,
a = band ¢ = d. The condition becomes a + ¢ = 2 and the inequality that remains is

(14 3a)?(1+ 3¢)? < 125 + 131a*c?

or
(74 9ac)? < 125 + 131ac.

This inequality is obvious since ac < 1. This ends the proof.
\%

I believe that these examples are enough for you to comprehend this simple tech-
nique. Right now, we will stop discussing the matter of applying convex functions
to prove four-variable symmetric inequalities, and we will show a general theorem
for the general case - problems in n variables. This useful theorem is often known as
”Single inflection point Theorem” (or, for shortening, SIP theorem)

Theorem 5 (SIP theorem). Let f be a twice diffirentiable function on R with a single
inflection point. For a fixed real number S, we denote

n—1

S—xz
o) = (0= s+ £ (225
For all real numbers x1, xo, ..., x,, with sum S, we have

inf g(x) < f(21) + f(22) + .. + flwn) < supg().
x z€R

PROOF. First we will prove that
f@r) + f(@2) + .. + f(wn) 2 inf g(@).

Assume that a is the single inflection point of f(z). Denote I; = [a,+00) and I =
(—00, a]. According to the hypothesis, we deduce that either f(z) is convex on I,
concave on I, or f(x) is concave on [;, convex on I,. WLOG, assume that f(z) is
convex on [; and concave on Iy. If x;, 23, ...,x, € [;, we are done immediately by
Jensen inequality. Otherwise, suppose that z1, z2, ..., zx € Iy and zy41, Try2, ..., Ty €
L. Since f(z) is concave on I, by Karamata inequality (see one of the following
articles), we conclude that

fl@) + f(ma) + oo+ flzg) < (B =1)f(a) + f(z1 + 22+ ... + 7 — (k — 1)a).

Since f(z) is convex on I}, we conclude that

(k1) f(@)+f (2o - @pr2) bt F () > (n—1)f (’“ it F Thra + o ¥ “”) .

n—1
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ka+ xg41 + Tpqo + ... + T

Fora =z +2o+ ...+ 2 — (k—1)aand B = — , we get

This shows the desired result immediately. Similar proof for the remaining part.
Comment. According to this proof, we get the following result

% Let f be a twice diffirentiable function on R with a single inflection point (f ~ convex
on Iy and concave on ). For all real numbers x4, xs, ..., , with sum S, there exist
numbers o € Iy and B € 1y such that

(0= )f @)+ 7 (25 ) < fan) 4 Flow) ot Sa) < (0= 050+ £ (227

n—1
\%

With the help of this theorem, we can prove a lot of nice and hard inequalities.
Example 1.14.7. Let a, b, ¢, d be positive real numbers such that abcd = 1. Prove that
a®+ 0+ +d®+12 > 2(a+ b+ c+d+ abe + bed + eda + dab).
(Pham Kim Hung)

SOLUTION. We have to prove that f(z) + f(y) + f(z) + f(¢t) > 4 where z,y, z, t are
Ina,Inb,Inc,Ind respectively and

f(z) = e —2e% — 277,
Clearly
f(x) = 937 — 2e™ — 2e77.
2 2
Denotet = e®. The equation f”(z) = 0 isequivalent to 9t*—2t2—2 = 0,0r9 = — +

2
This has exactly one positive real root. That means f(z) has a single inflection point.

Therefore, according to SIP theorem, we may return to consider the initial problem
incase a = b = cand d = —a?. In this case, the inequality becomes

3¢ +a 2 4+12>2 (3a +a 3 +a®+ 3(171)

or
a'? —6a'® +12a° — 84 — 2a° + 1 > 0.
This last inequality can be rewritten as

(@ —1)2(t10 4+ 269 — 3% 4 4¢7 + 5t° 4 6¢° + 5t 4 4¢3 + 3t2 2t +1) > 0,

which is obvious. Therefore we are done and the equality holds fora =b=c=d =
1.
\Y
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Example 1.14.8. Let a, b, ¢, d be positive real numbers with sum 4. Prove that

11 1 1
9=+ -+ -+ ) +56>15(a®+b%+c*+d?%).
a b ¢ d

(Pham Kim Hung)

SOLUTION. We have to prove that f(a) + f(b) + f(c) + f(d) > 0 where

f(z) = % — 1522

18
Since "' (z) = 3 —30 has exactly one positive real root, we infer that f(z) has a single
inflection point. Applying SIP theorem, we only need to consider the inequality in

/18
casea=b=c=ux <y} 30 and d = 4 — 3x. In this case, the inequality becomes

g(z) = (2 T ) — 15 (32” + (4 — 32)*) + 56.

4 —3x
Clearly
J(z) = 27 ((4—13:5)2 - ;2) — 90 (2 — (4— 32))
= m (3(4 — 2z) — 102 (4 — 32)?)
_72(x — 1)(3z — 1)(6 + 152 — 3522 + 152°)
N x2(4 — 3x)? '

5/ 18
Since z < ¢/ 30 < Lowe get that 6 + 15z — 3522 + 152 > 0. Therefore, in the range

1
(0, 1], the minimum of g is attained at z = 3 In other words, we can conclude that

g(z) > g (:1,)) =0.

1
This ends the proof. Equality holds fora = b =c = 3’ d = 3 or permutations.

\Y%

Example 1.14.9. Let ay, ag, ..., a, be positive real numbers such that ajas...a, = 1. Prove

that
1 1 1

+ +.+—<1
n—14a; n—1+aq n—1+a,
(Romania TST 1998)
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SOLUTION. We have to prove that

f(@1) + flza) + o+ fzn) <1

where x; =Ina; Vi € {1,2,...,n} and

1
fla)=——a T

We have

f//(l') _ 2 (ex - (n _‘1))'

(n—1+e)3

Since the function f”(z) has exactly one root, according to SIP theorem, we conclude
that it suffices to consider the inequality in case 1 = 2 = ... = x,,—1. In other words,
we have to prove thatifa; =as =... = ap—1 =aand a, = a'~" then

n—1 1

< 1.
n—1—|—a+a1—”+n—1*

This can be reduced to

n—2 n—2
(a—1)? (n(n— 1)Zai—n2ai> >0,
i=0 i=0
which is obvious. Equality holds for a; = a2 = ... = a, = 1.
\Y

Example 1.14.10. Let a1, as, ..., a,, be positive real numbers with product 1. Prove that

2n
n—1

a? a3+ .. +a>—n> Un—1(ay +ag + ... + a, —n).
(Gabriel Dospinescu, Calin Popa)

2
SOLUTION. For k = 7n1 {/n — 1, we consider the following function
n

f(z) = e** — ke®.

We have to prove that f(z1) + f(z2) + ... + f(xn) > (1 — k)n where z; = Ina; Vi €
{1,2,...,n}. Since the function

f"(x) = 4€** — ke®

has exactly one real root, we infer that f(x) has a single inflection point. According

to the SIP theorem, we may assume that 1 = 22 = ... = 2,,_1, or in other words,
a1 = ag = ... = an_1. The rest follows from what we have done in example ??. The
equality holds fora; = ay = ... = a, = 1.

\Y%
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Example 1.14.11. Let a,b,c, d, e, f be positive real numbers with sum 6. Prove that
(14+a®)(1+6*) (1+c*)(1+d*) (1 +e*) 1+ £2) > (1+a)(1+b)(1+c)(1+d)(1+e)(1+f).
(Pham Kim Hung)
SOLUTION. Consider the following function in the positive variable
f(z) =In(1 + 2?) — In(1 + 2).

We have certainly
" _ 2(1 B 372) 1
f(x) = (1+22)2 (1_|_I)2'

The equation f”(x) = 0 is equivalent to

g(x) = 32" + 42> +22% — 42 —1=0.

Since ¢”(z) > 0 Va > 0, the equation g(z) = 0 has no more than two positive real
roots. However, if it had exactly two positive real roots, it must have one more root
(because the last coefficient is —1). So we get that g(xz) has exactly one positive real
root. In other words, f(x) has a single inflection point. According to SIP theorem,
we only need to consider the initial inequality incasea = b = ¢ = d = ¢ = = and
e = 6 — 5z. We have to prove that

p(z) =5In(1+2°) +In (1+ (6 — 52)*) = 5In(1 + z) + In(7 — 5z) > 0.

Clearly,
ey ;o 10z 10(6 — 5) 5 5
B B 2 — 22(6 — 5z) 1
=30(z — 1) ((1 +22) (14 (6—52)2)  (1+xz)(7— 5x>> '

Consider the function
q(z) = (1 4+ 2%)(1 + (6 — 5x)%) + (2 — 22(6 — 5z)) (1 4+ z)(7 — 5x)

= —25z% + 202> + 9822 — 140z + 51.

We will prove that ¢(z) > 0V0 < z < 9 Indeed, if z > 1 then z(6 — 52) < 1 =
q(z) > 0. Otherwise, if x < 1, consider the following cases

Case x < 0.8. We are done since
q(z) = 10x(4 — 5x) + (982 — 140z + 51) > 0.
Case 0.8 < z < 0.88. We are done since

q(z) = 2%(2 + 202 — 252%) + (962% — 140z + 51) > 0.
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Case 0.88 < x < 1. We are done since
q(z) = 2%(5 + 20z — 252%) + (942% — 140z + 51) > 0.

In every case, it is clear that ¢(x) > 0. We conclude that p'(z) = 0 < z = 1,
which implies p(z) > p(1) = 0. This ends the proof, and the equality holds for
a=b=c=d=e=f=1.

\%

Example 1.14.12. Let a, b, ¢, d be positive real numbers with sum 4. Prove that

104
(1+a®)(1+ b3 (1 +c*) (1 +d?) > 9
(Pham Kim Hung, Volume I)

SOLUTION. We have to prove that
f(a)+ f(b) + f(c) + f(d) > 4In10 — 31In9,
where f(z) = In (1 + 2?). Since

2(1 — 2?%)

f(x) = m

has exactly one positive real root z = 1, we obtain by SIP theorem that there exists a
numbers p < 1 for which

fla) + f(0) + f(e) + f(d) = 3f(p) + f(4 - 3p).

Denote

9(p) =3f(p) + f(4 = 3p) = 3In (1 +p*) +1n (1 + (4 - 3p)*),
then we get

_ 6p  6(4-3p _ 24(p—-1)@Bp-1)
C14p? 14+(4-3p)?2  (1+p2)(1+(4-3p)2)

g'(p)
and it is easy to conclude that

1
9(p)>g (3> =4In10 — 3In9,

1
as desired. The equality holds fora =b =c = 3’ d = 3 or permutations.

\%
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1.15 nSMYV Theorem and Applications

If the importance of SMV theorem is to provide a standard way to prove four-
variable inequalities, the improved SMV theorem, called nSMV, becomes very effec-
tive in proving n-variables inequalities. Although nSMV theorem is based on SMV
theorem, the intensive applications of nSMVare really incredible. To prove nSMV
theorem, we use a new result similar to the general mixing variable lemma (the result
shown in the previous article), but first, we need to clarify some basic properties that
hold between three real numbers.

Lemma 1. Suppose that a, b, c are non-negative real numbers satisfying a+b+c=2+r
and a® + b* + ¢ = 2+ r?, r < 1is non-negative real constant then abc > r.

Lemma 2. Suppose that m, n are two non-negative real constants, then the system of equa-
tions

rT+y+z=m

Y +yz+zr=mn

has a solution (x,y, z) = (a, b, c), with a,b,c > 0 if and only if m? > 3n.

PROOF. The second lemma is quite obvious, therefore we will prove the first one.

Denoter =a—1,y =b—1,z = c—1thenz+y+2z = r—1land 22 +y?+2% = (r—1)?,s0
we infer xy+yz+zx = 0. We also have that x, y, z are the real roots of the polynomial
ft) =@t —a)(t—y)(t—2) =3+ (1 — r)t* — zyz. Now suppose that zyz < 0 then
all coefficients of f(t) are non-negative and therefore all its roots are non-positive, or
z,y,z < 0. This result contradicts the assumption zy + yz + zx = 0. Then we must
have xyz = (a — 1)(b — 1)(c¢ — 1) > 0 and the conclusion follows.

\%

Lemma 3. Suppose that a,b,c are three non-negative real numbers satisfying a +
b+ ¢ = m, ab+ bc + ca = n, where m and n are two non-negative real

2

constants. If m? > 4n then the minimum value of abc is 0, with equality for

m+vm?2—4n m—vm? —4n
2 ’ 2
3n < m® < 4n then the minimum values of abc are attained for (a,b,c) =

(m—Q\/mz—Bn m4+vm?2 —3n m-+vVm?2—3n
3 ’ 3 ’ 3

a = 0and (b,c) = up to permutation. If

2

) up to permutation.

PROOF. We consider the following cases

(i) The first case. If m? < 4n then there exist two numbers ag, b such that a + b =
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m, ab = 4n, therefore (a, b, c) = (ag, bo, 0) satisfies the system

at+b+ec=m
ab+bc+ca=n

Certainly, the ag - bo - 0 = 0 and therefore the minimum of abc is 0.

(ii) The second case. If 3n < m? < 4n then it is easy to check that there exist two
numbers k,r (k > r > 0) for which m = 2k +r,n = 2k* 4+ r%. According to lemma 1,
we conclude that abc > k?r, as desired.

\%

As a matter of fact, the third lemma can be proved easily by derivatives, but
proofs without derivatives are better. However, derivatives can help us confirm eas-
ily that

Lemma 4. Suppose that a,b,c are three non-negative real numbers satisfying a +

b+c¢ = m, ab+ bc + ca = n, where m and n are two non-negative real

constants and m? > 3n. The maximum value of abc is attained for (a,b,c) =

<m+2\/m2—3n m—+vm?2—3n m—+vm2—3n

3 ) 3 ) 3 ) up to permutation.

Lemma 5. Suppose that a,b,c are three positive real numbers satisfying a + b + ¢
m, 1/a +1/b+ 1/c = n, where m and n are two positive real constants and mn >
(mn + 3) 4+ /(mn — 1)(mn — 9)

9, then abc is maximal when o« = b = 1 , ¢ =
n
-3) - -1 -9
(mn = 3) \/(12nn J(mn = 9) up to permutation; and abc is minimal when a = b =
n
(mn+3) — \/(Zm —1)(mn — 9)’ . (mn —3) + \/(;nn —1)(mn —09) up to perms-
n n

tation.

Although these lemma seem to be hard to apply, they are meant to be used for a
more important result, nSMV theorem.

Before showing nSMYV theorem, we will prove an improved general mixing vari-
able lemma (and a give general kind of A transformation). Its proof is still based on
that of the initial lemma.

Lemma 6 (Improved general mixing variable lemma). Let (aq, aq, ..., ay) be a sequence
of real numbers and €1, €5 be two constants such that €1, e; € (0, 1). Carry out the following
transformations

1. Choose i, j € {1,2,...,n} to be two different indices satisfying

a; = max(aq, az, ..., Gn), ¢; = min(ag, ag, ..., ay).
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2. Replace a;, a; by a certain number o (without changing their ranks) for which

a; — « a; — «

a € [a;, a5, <€ <1, <€ < 1.

a; j

a; — aj
After repeating these two transformations, all numbers a; tend to the same limit.

PROOF. The following proof is based on the proof of the general mix-
ing variables lemma. Henceforward, we will call this transformation the I'-
transformation, which is indeed an extension of the initial A transformation. De-
note the first sequence as (aj1,a12,...,a1,,) and the sequence after the k-th I'-
transformation as (a1, @k 2, -, Gk n ). Denote My = max(ag, 1, Gk 2, ..., Gk,n) and my =
min(ak 1, ak,2, ---, Gk,n ). We have of course that (My)52 ; is a non-increasing sequence
and (my)32, is a non-decreasing sequence, so there are two finite limits
M = lim Mg, m = lim my
k—o0 k—o0
and we need to prove that M = m. WLOG, suppose that M; = a; = a1,; and my =
@p = Gp,1. The I'-transformation changes a; and a,, to az;1 = ag,, = x2 € a1, a,] (We
can assume that a; > a,,). If there exists some transformations that transform a,, ;
again (that means there exists some numbers k& > 2 for which my, (or M}) is equal
to z3), we must have my (or M») is equal to z,. Indeed, suppose that m;, = x5, since
o = ag p it follows that x5 > mg > ... > my, and the equality must hold, or ma = .
Denote z;, to be the result of M}, and m, after the k-th I'-transformation, then we
infer that
S = {k‘ 2l > k:\ml = .’L‘k} = {k‘\mk“ = a:k} ;

P={k:3 > kM =ap} = {k|Mps1 = 21} .
By hypothesis, if £ € S then
Mit1 —mpr1 = My — xp < My, — 2 < e0(My — my).
Similarly, if & € P then
M1 — mpq1 < ea(My, — my,).

Because €1, €5 € (0, 1), if S or P are infinite, we have leIEO(Mk —mg)=0 =>M=m
and the conclusion follows. Otherwise, both S and P are finite. We deduce that I'-
transformations don’t impact on a1 and ay,, after a sufficiently large number k.
Without loss of generality, we can assume that S = P = (). Therefore a1 = as for
allnumber k¥ € Nand k > 2 and we can eliminate the number a, ; from the sequence
and consider the remaining problem for the sequence (a2 2,a2 3, ..., a2,,) (only n — 1
terms). By a simple induction, we have the desired result.

\%

From this lemma, we can deduce a generalization of SMV theorem as follows
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Theorem 6 (nSMYV theorem). Suppose that the function f : R® — R is a continuous,
symmetric, lower bounded function satisfying the condition

f(a/laaQa "'70/77,) Z f(b17b27 ~-'7b’n)7

where (b1, ba, ..., by) is obtained from (a1, asz, ..., an) by a T-transformation, then

flai,az,....;an) > f(z,x,...,x)
where x is a certain number (normally defined by the specific form of I').

The basic importance of nSMYV theorem is that it uses a very general transforma-
tion I' that has a lot of particular applications. Indeed, here are some of them

Corollary 1. Suppose that x1,x2, ..., x, are positive real numbers such that

1 1 1
ry +x2+ ... +x, =const, —+ — + ... + — = const
(a1 T2 In

and f(x1,x2,...,xy,) a continuous, symmetric, lower bounded function satisfying that, if
Ty > X2 > ... > Xy and To, Xy, ..., Tn_g are fixed then f(z1, 22, ....,Tn) = g(T1, Tn—1,Tn)
is a strictly increasing function of x1x,_12,; then f(x1, 2, ..., z,) attains the minimum
valueifand only if x1 = xo = ... = xp_1 < ap. Ifx1 > 290> ... > xpand xs3, ..., xp_1 are
fixed then f(x1,x2,...,2n) = g(x1, X2, Ty) is a strictly increasing function of x1xaxy,; then
f(z1, z2, ..., xy) attains the maximum value if and only if v1 = x2 = ... = Tp_1 > Tp.

Corollary 2. Suppose that x4, x, ..., x,, are non-negative real numbers satisfying
1+ 22+ ... +x,y = const,x? + :z:% + ...+ xi = const

and f(x1,22, ..., Ty) A continuous, symmetric, under-limitary function satisfying that, if
T1 > Ty > ... > xy and To, T3, ..., T_g are fixed then f(xq1, 2, ..., xn) = g(x1, Tn-1,Tn)
is a strictly increasing function of x1xy_12,; then f(x1, 2, ..., xy,) attains the minimum
value if and only if x1 = 2 = ... = xp = 0 < 2p41 < Tpyo = ... = Tp, Where
k is a certain natural number and k < n. If x1 > x9 > ... > x, and x3,...,xy_1 are
fixed then f(x1,x2, ..., Ty) = g(x1, T2, T, ) Is a strictly increasing function of x1xex,,; then
f(z1, za, ..., xy,) attains the maximum value if and only if x1 = x2 = ... = zp_1 < Ty,

PROOF. To prove the above corollaries, we only show the hardest, that is the second
part of the second corollary (and other parts are proved similarly).

% Suppose that x1, xa, ..., x, are non-negative real numbers satisfying
— 2, .2 2 _
T +x2 + ... + Ty = const,x] + x5 + ... +x, = const

and f(z1,2,...,x,) a continuous, symmetric, under-limitary function satisfying that if
Ty > X > ... > Xy and To, X3, ..., Tn_o are fixed then f(x1, 22, ..., Tn) = g(T1, Tn—1,Tn)
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is a strictly increasing function of x1x,_12,; then f(x1, 2, ..., z,) attains the minimum
valueif andonly if x1 = 2o = ... = 0 =0 < p41 < Tpyo = ... = Ty, Wherek < nisa
certain natural number.

To prove this one, we will chose the transformation I" on (21, 2, ..., ,,) as

(i). The first step. Choose 7, j, k € {1, 2, ...,n} to be different indices satisfying

a; = max(ai, Gz, ...,an), aG; = t %121 >O{at}, ap = s nriligo t#j{at}.
=1,n,a¢ =L,n,at ]

(ii). The second step. With s = a + b+ ¢, p = ab + bc + ca, replace a;, a;, ar by

5 ) 2 _
s+ /s 3p § WifélpZSQZ?)p(l)'

— 4 — —
=a; = a. =

3 T

/s2 _ 4 _ /2 _4
+ a,:s+ ; p,a;czs ; p,a;.:()if52>4p(2).

+, al

[t

After each of these transformations, (a;, a;, ax) becomes a new triple (a}, a’;, a; ) with
J p 1 i Yk

/ / / ") [ )
a; +aj +ap = a; + a; +ay, a;a; +ajap + apa; = a;a; + a;ap + apag,

but the product aja’aj, is minimal (that is a;ajar > aja’;a}). Notice that the step (2)

can’t be carried indefinitely, because we can change positive terms of (a1, az, ..., a,)
to 0 in only finitely many times (no more than n times). Therefore, to get the conclu-
sion, we only need to prove that if 4p > s* > 3p then

CL; — a;

a; — ag

/
a;, — A
L k <€y < 1.

<€ <1,

a; — ag

We don’t need to take care of how a; changes, because the condition 4p > s2 > 3p
ensures that a;- > 0. Denote a; = a,ar, = b,a; = cso a > b > cand therefore

, a+bt+c+VaZ+b2+c2—ab—bc—ca

Q,L 3
and we deduce that

a; — ag 7a+b+c—|—\/a2+b2+02—ab—bc—ca—3b
a; —ag| 3(a—1b)
(@5~ b=+ /5 (@ b2+ (b— P + (c—a))
B 3(a —b)
(a=b)—(b-¢c)+(a—c) 2
= 3(a—b) 3 <!
@ —a| (a=b)+(a—c) =/ ((@—b)2+ (-2 +(c—a)?)
a; —ag| 3(a—1b)
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Notice that the I'-transformation makes the product a;a;a; minimal, and also

f(a1,as, ..., a,) minimal (if we fix all numbers a;,t # i, j, k). Therefore we are done.
\Y

According to this proof, we can prove the following result as well (that let’s us
use nSMYV theorem more freely) as follows

Corollary 3. Suppose that x1, x2, ..., x,, are non-negative real numbers such that
r1+x2 + ... + T, = const, x% + a:% +...+ Jci = const.

Let f(x1,22,...,2n) be a continuous, symmetric, under-limitary function. If we fix
X4, T5, ..., Ty then f(z1,x9,....,2n) = g(x1,T2,x3) is a strictly increasing function of
x1x2xy then f(x1,x2,...,xy,) attains the minimum value if and only if x1 = x2 =

=2 = 0 < xpy1 < Tppo = ... = x,, Where k < n is a certain natural num-
ber. If we fix x4, x5,...,Ty, then f(x1,22,...,2,) = g(z1,22,23) is a strictly increas-
ing function of xixoxg then f(x1,xs,...,xy) attains the maximum value if and only if
Tl =T =..=Tp_1 > Tp.

Actually, I know that these results are difficult for you to comprehend because of
their complicated appearances, but you will see that everything is clear after you try
to prove the following examples

Example 1.15.1. Let a, b, ¢, d be non-negative real numbers. Prove that
at +b* + ¢* + d* + 2abed > a®b* + b2 + 2d? + d?a® + a®c® + b2 d>.
(Turkevici’s inequality)
SOLUTION. If we fix a + b + ¢ = const and a? + b2 + ¢ = const, then
RHS—LHS = (a®+b*+¢?)? —3(ab+be+ca)? +6abe(a+b+c) +2abed — d* (a® +b% +?)

is certainly an increasing function of abc. By corollary 3, it’s enough to prove the
inequality if a = b = ¢ > d or abed = 0. If d = 0 then we have to prove that
a* + bt + ¢t > a?b? + b2c? + c*a®, which is obvious. If @ = b = ¢, the inequality
becomes 3d* + 2a3d > 3a?d?, which is directly obtained from AM-GM inequality,
too. The proof is completed successfully.

\Y
Example 1.15.2. Let a,b, c, d be non-negative real numbers with sum 4. Prove that

(1 +2a)(1 4 2b)(1 +2¢)(1 + 2d) < 10(a* + b* + ¢* + d*) + 41abcd.
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(Pham Kim Hung)

SOLUTION. First, notice thatifa < b < c¢<dand ¢ < 1/3thena,b <1/3andd > 3
and we are done because

10(a® 4+ b* + ¢ + d?) + 4labed > 90 > (1 + 2a)(1 + 2b)(1 + 2¢)(1 + 2d).

1
Sowe may assume thata < b < ¢ <d,c > 3 We fix ¢ = const, a>+b>+c2+d? = const
(therefore a + b + d, a® + b2 + d? are fixed, too). Denote

fla,b,c,d) = (14 2a)(1 + 2b)(1 + 2¢)(1 + 2d) — 10(a® + b* + ¢* + d?) — 41abed.

The coefficient of abd is 8(1 + 2¢) — 41c = 8 — 25¢ < 0, so f is a strictly decreasing
function of abc. According to corollary 2 of nSMYV theorem, it’s enough to consider
the two casesa < b = ¢ = dand abcd = 0. If a < b = ¢ = d = z then the inequality
can be rewritten as (z — 1)?(—7522 + 14z + 151) > 0, which is true because = < 4/3.
If abed = 0, then a = 0 and the inequality is also obvious because

160
3
We are done and the equality holds fora =b=c=d = 1.

1006 + ¢® +d?%) > > (1+2a)(1+2b)(1 + 2¢).
Comment. In the same manner, we can prove a stronger result as follows

* Let a,b, ¢, d be non-negative real numbers with sum 4 then
144(1 + 2a) (1 + 2b)(1 + 2¢)(1 + 2d) < 1331(a® + b* + ¢ + d?) + 6340abcd.
\Y

Example 1.15.3. Let x4, xo, ..., x,, be non-negative real numbers such that 1 + 2 + ... +
T, = n. Prove that

1
(2129...2,) Vo T (23 + 22 + ... + 22) < n.

(Vasile Cirtoaje)

SOLUTION. If we fix #1 + 22 + x5 and 2} + 23 + 2% then the left-hand expression of the
above inequality is clearly a strictly increasing function of z;x2x3, so, according to
the corollary 2 of nSMV theorem, we conclude that it suffices to consider the initial
inequality in case 1 = 23 = ... = 2,—1 = ¢ < land z,, = n — (n — 1)z. In this case,
the inequality becomes

1

2V = (n—1)z) VT

(n=12"+(n—(n—1)2)%) <n
or f(x) < 0Vz < 1 where

flx)y=vn—1lnz+

1 2 2
N In(n—(n—1)z)+In((n — 1)z° + (n — (n — 1)x)*) —Inn.
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It is easy to check that

nvn—1(1-z)(Vn—1z —n+ (n— 1)33)2
z(n—(n—1)z)(nz2+ (n—(n—1)x)2)

Since z < 1, we get that f/(z) > 0, therefore
f@) < f(1)=0.

This ends the proof. The equality holds for ; = 2 = ... = 2, = 1.

@) =

\Y
Example 1.15.4. Let a, b, c, d be positive real numbers such that that
2(a+b+c+d)?=5(a®+b*+c*+d?).
Find the minimum value of

at + vt +ct+ dt

P =
abed

(Pham Kim Hung)

SOLUTION. First we guess that the equality holds for b = ¢ = d (in this case, we find
outa =2+ +/5,b = ¢ = d = 1 and permutations) and this is the key to the solution.
Indeed, denote k = (2 + v/5)% + (2 + v/5) ! > 78, we will prove

a* + b* + ¢t > dabed.

WLOG, assume that a > b > d > c¢. We fix d and suppose that a + b+ ¢ = const,a® +
b% + ¢® = const. By hypothesis, we have

dla+b+c+d)?=10(a>+ b+ +d*) >5((a+b)*+ (c+d)?)

SO
(a+b0)2+ (c+d)? <8a+b)(c+d) =a+b< (4+V15)(c+d)

and therefore

atb< (4+\/ﬁ> (c+d) < (8+2\/ﬁ)d< 18d = 4(a + b+ c) < 76d.
Moreover, notice that
at + b + ¢ — kd - abe = (a® + b + )% — 2(ab+ be + ca)® + [4(a + b + ¢) — kd] abe

is a stricly decreasing function of abc (because a + b + ¢ and a? + b* + ¢* have been
fixed already). By the second corollary, it suffices to consider the initial problem in
casea > b=c=d.Ifb=c = d, we deduce that a = (2 + v/5) b by hypothesis, so

a4+M4w%+d4:(Q+v@f+¢)wzﬂde

\Y%
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Example 1.15.5. Suppose that a1, as, ..., ay, are positive real numbers satisfying
a1 +as+..ta,=a1 T4ay 4. 4a, t=n+2.
Find the minimum and maximum value of

P = a% + a% + ...+ afl + 2a1a2...Gy.

(Pham Kim Hung)

SOLUTION. Without loss of generality, we may assume that a; > ag > ... > ap—1 >
. 1 1

an. We fixs = a; + a9 +a, andr = — + — + —. Denote z = ajasa, and p =

aq a9 (07%%
asaq...an—1 then the expression P can be rewritten into the form

n—1 n—2

P:sz—2rx+2px+2a?:s2—(2r—2p)x+2af.
i=3 1=3

Now we will prove that > p, or

1 1 1
—+ — + — > asa4...ap—2.
a a2 Qn

Indeed, according to the assumptions, AM-GM inequality indicates that
n+2=a+a+..+a, >nYaias...a,

2 n
= a109...ay < <1 + ) <e?<9
n

= ag...0p_1 < m <ay+as+ a,.
This result shows that P = P(z) is a strictly decreasing function of . By corollary 1
of nSMYV theorem, we deduce that P attains the maximumifx; > 23 =23 = ... = 2,
and attains the minimum value if 1 < 2 = 23 = ... = z,,. By hypothesis, it’s easy

to determine the values of (x;)!_, for each of these cases. The proof is completed.
\Y

Example 1.15.6. Let a, b, ¢, d be non-negative real numbers with sum 1. Prove that

2(a® + 0% + ¢ +d?) > 273/(a2 + %) (a2 + ¢2)(a2 + d2) (b2 + ¢2) (b2 + d2)(c2 + d?).
(Pham Kim Hung)

SOLUTION. We will prove a homogeneous inequality as follows

2 <Za> <Za2> > 27 3/H(a2 + b2).
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WLOG, assume that a > b > ¢ > d. If we fixa + ¢+ d,a®> + ¢® + d? and let acd = =
then

(a®>+c) (2 +d?)(d*+a?) = (a*+ 2 +d?)(ac+cd+da)? —2(a® + 2 4-d*) (a+c+d)x — 2
is a stricly decreasing function of «. Moreover,
(b +a*) (B> +c*) (b +d?) = b°+b* (a® +® +d?) +b*(ac+cd+da)® — 2b* (a+c+d) v + 2
is also a strictly decreasing function of = because its derivative is

—20%(a +d +d) 4 22 > 2b%a — 22 < 0.

The expression [](a? + b?) is a strictly decreasing function of z = acd. By corollary
cyc
2 of nSMV theorem, we conclude that it suffices to examine the initial problem in

casesa = b = cord = 0.If d = 0, the inequality becomes
8(a+b+c)%(a® +b* + )3 > 32202 (a® + b%) (b + ) (2 + a?).
This one follows from AM-GM inequality immediately because
(a+b+c) > 3%2pc?
8(a® + b% + )3 > 27(a® + b*)(b* + ) (* + d?).
Consider the case a = b = c. The inequality becomes
(3a + d)*(3a® + d?) > 27a*(a® + d?)
which is obvious because
(3a + d)*(3a® + d*) > (9a* + 6d%)(3a* + d?) > 27a*(a® + d?).
This is the end of the proof. The equality holds for a = b = ¢, d = 0 or permutations.

Comment. Using this result, we get the following one

* If a, b, c, d are non-negative real numbers then

1 n 1 4 1 4 1 n 1 S 81
a?+b2  a?+c? a?+d? P+ VP+d? T 2a+b+ce+d)?

Indeed, just apply AM-GM inequality, and we can conclude that

1 1 1
Za2+b2_2(a2+b2+62+d2>

cyc cyc

_ (Z a2> (Z (@ + b2)1(02 + d2)>

cyc cyc
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S 3(a® + 0% + 2+ d?) S 81
T (a2 + 82) “2(a+b+c+d)?
sym
\Y

Example 1.15.7. Let x1, z2, ..., z,, be positive real numbers such that x1+xzo+...+z, = n.
Prove that

1 1 1 2nyn — 1
—+ —+ ..+ —+ >n—+2vVn—1.

Ty T Tn T3+ TE 4. 422

(Pham Kim Hung)

SOLUTION. We fix the sums z1 + z2 + 23,27 + 23 + 25 and fix the n — 3 numbers
3,4, ..., Tn. Clearly, 129 + z2x3 + x321 is a constant and
1 1 1 T1T2 + Tox3 + T3

—+—+ ==
1 T2 Z3 T1T2T2

is a decreasing function of zz2x3. By corollary 2, we only need to consider the in-
equality in case 21 = 29 = ... = 2,1 = x,2, = n — (n — 1)z. This case can be
completed easily as shown in the end of the proof to the example ?2.

\%

Example 1.15.8. Let x1, 2, ...,x, (n > 4) be positive real numbers such that x1 + x2 +
... + x,, = n. Prove that
11 1_+¢ﬁ@%+4+2¢n—n

— =t
Ty T Tn Vri+ i+ a2

>n+2vn—1++vn+4.

(Pham Kim Hung)

SOLUTION. Similarly with the previous example, if we fix 71 + x2 + x3, 27 + 23 + 23
and fix x4, 24, ..., T,, then the left hand side of the inequality is a decreasing function
of z1z2x3. So we may assume that z; = 2 = ... = z,_;. For convenience, we may
consider the inequality for n + 1 numbers with the assumption that 2; = 22 = ... =
zn =z and 2,41 = n + 1 — nz. We have to prove that

n_ L YRWRESHNR) o Ve T

r nt+l-nz /na2+(n+1-nz)?

Using the identities

1 n(n+1)(1—x)*

n
n I 1) =
x+n+1—nx (n+1) z(n+1—nx)

nr? +(n+1-nz)*> - (n+1)=nn+1)(1-2)?,
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our inequality can be transformed to

n(n+1)(1 —z)? o (Vn+54+2yn)n(n+1)(1 —xz)?
zn+1l-nz) = /(n+1)(na?+ (n+1—nz)?) +na+ (n+1—nx)?

It remains to prove that

V(n+1) (na? + (n+1—nz)?)+na’+(n+1-nx)® > (Vn +5 + 2v/n)-z(n+1-nz) (x)
By AM-GM inequality, we get that
nz? +(n+1—-nx)*>2v/n-z(n+1—nz).

By Holder inequality, we get that

<(”+;)«n+1mg+m@fz(vﬁ+3ﬁf

n+1—nx)?

3
& 1 4
2>n(\/ﬁ+ ) ~x2(n—|—1—nw)22n 2t (n 41 —nx)?

SCESE ntl

These two results combined can deduce (x) immediately, so we have the desired

= na® + (n+1—nx)

result. The equality holds for 2y = 29 = ... = 2, = 1.
Comment. 1. For n = 5, we get the following result

* Given positive real numbers a, b, ¢, d, e with sum 5, prove that

1 1 1 1 1 V5
I R > 12.
a+b+c+d+e+\/a2+b2+c2+d2+62_

2. Another inequality derived from this problem is

* Let x1, 2, ..., x, be positive real numbers with sum n. Prove that

11 1 3
— 4+ — ot —+ vin >n+3.

T T Tn  Nritait. a2

\%
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Article 7

Majorization and Karamata Inequality

1.16 Theory of Majorization

The theory of majorization and convex functions is an important and difficult part
of inequalities, with many nice and powerful applications. will discuss in this article
is Karamata inequality; however, it's necessary to review first some basic properties
of majorization.

Definition 1. Given two sequences (a) = (a1, ag, ..., a,) and (b) = (b1, ba, ..., by,) (where
a;,b; € RVi € {1,2,...,n}). We say that the sequence (a) majorizes the sequence (b), and
write (a) > (b), if the following conditions are fulfilled

ap > az > ... > ay ;

by > by > ... 2> by
ar+as+..+a,=by+by+..+0b,;
ar+as+...+ap>by+bo+.. .+ Vke{1,2,..n—1}.

Definition 2. For an arbitrary sequence (a) = (a1, ag, ..., an ), we denote (a*), a permuta-
tion of elements of (a) which are arranged in increasing order: (a*) = (ai, , @iy, .., a;, ) With
Ay > Qi > ... > a;, and {il,ig, ,Zn} = {1,2, 771}

Here are some basic properties of sequences.
- 1
Proposition 1. Let a1, ag, ..., ay, be real numbers and a = — (a1 + ag + ... + ay,), then
n
(a1,a2,....,an)" > (a,q,...,a).

Proposition 2. Suppose that ay > az > ... > a, and m = (w1, 7o, ...7y,) is an arbitrary
permutation of (1,2, ...,n), then we have

(al,ag, ...,an) > (aﬂ(l), Gr(2)s ...,a,ﬂ(n)).
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Proposition 3. Let (a) = (a1, ag, ..., an) and (b) = (bs, bs, ..., by, ) be two sequences of real
numbers. We have that (a*) majorizes (b) if the following conditions are fulfilled

by > by > ... > by ;
a1 +as+..+a,=by+bs+..+0b,;
agt+as+...+ap>by+bo+..+b Vke{1,2,....,n—1};

These properties are quite obvious: they can be proved directly from the defi-

nition of Majorization. The following results, especially the Symmetric Mjorization
Criterion, will be most important in what follows.

Proposition 4. If z1 > x5 > ... >z and y1 > ya > ... > y,, are positive real numbers
such that z; +x2+...+xn=y1+y2+...+ynand& > &Vz’ < j, then
Lj Yj
(1'1,1'2, ,In) > (y17y27"'7y7l)'

PROOF. To prove this assertion, we will use induction. Because 2 < % forall: e
Z1 Y1
{1,2,...,n}, we get that

1 +x2+ ...+ < Y1+ Y2 + ... +Yn

€ Y1

=1 > Y.

Consider two sequences (z1 + 2, Z3, ..., Tn) and (y1 + ¥z, Y3, ..., Yn ). By the inductive
hypothesis, we get

(xl + T2,I3, ..., xn) > (yl + Y2,Y3, -1y yn)
Combining this with the result that z; > y;, we have the conclusion immediately.
\Y%

Theorem 7 (Symmetric Majorization Criterion). Suppose that (a) = (a1, ag, ..., ay,) and
(b) = (b1, ba, ..., by) are two sequences of real numbers; then (a*) > (b*) if and only if for
all real numbers x we have

lay — x|+ |ag — x| + ... + |an, — x| > |by — x| + |bs — x| + ... + |by — 2|
PROOF. To prove this theorem, we need to prove the following.

(i). Necessary condition. Suppose that (a*) > (b*), then we need to prove that for
all real numbers «

lar — x|+ Jag — x| + ... + |ap — x| > |0y — |+ |bs — x| + ... + |bp — 2] (%)

Notice that (x) is just a direct application of Karamata inequality to the convex func-
tion f(z) = |z — a|; however, we will prove algebraically.
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WLOG, assume that a; > az > ... > a, and by > by > ... > by, then (a) > (b) by
hypothesis. Obviously, (%) is true if x > b; or x < b,,, because in these cases, we have

RHS = |by + ba + ... + b, — nx| = a1 + a2 + ... + a,, — nz| < LHS.

Consider the case when there exists an integer k¥ € {1,2,...,n — 1} for which b;, >
Z > bgt1. In this case, we can remove the absolute value signs of the right-hand
expression of (%)

|by — x|+ b — x|+ ... + |bp — x| = by + ba + ... + b, — kz;
|bkr1 — x| + b2 — x| + ... + |bn — x| = (n — k)x — by — bgyo — ... — by ;

Moreover, we also have that

k k

Z|ai—x| > —kx—i—Zai,

i=1 i=1
and similarly,

n

Z la; — x| = Z |z —a;| > (n—k)x — Z a;.

i=k+1 i=k+1 i=k+1
k k n n

Combining the two results and noticing that >~ a; > Y a;and > a; = > b;, we get
i=1 i=1 i=1 i=1

n

Z|az—x|> n—2k)x ZGZ iai

=1 i=k+1

n

k n
_ZZal Zaz (n—2k)x >2Y b= bi+(n—2k)z =3 |b—a|

i=1 i=1 i=1

This last inequality asserts our desired result.

(ii). Sufficient condition. Suppose that the inequality
lay — x| + ag — x| + ... + |ap, — x| > |by — 2| + |ba — x| + ... + |byy — | (%)

has been already true for every real number x. We have to prove that (a*) > (b*).

Without loss of generality, we may assume that a; > a2 > ... > a, and by > by >
.. > by,. Because (xx) is true for all z € R, if we choose = > max{a;, b; }I, then

n n n n
Z|a,-fx| :nszai; Z|b¢—x| :nx—Zbi;
i=1 i=1 i=1 i=1

=a1t+ay+...+a, <bi+by+ ...+ 0b,.
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Similarly, if we choose x < min{a;, b;}}_;, then

n n n n
Z|ai—x| = —na:—&-Zai; Z|bi—a:| = —nm+2bi;
i=1 i=1 i=1 i=1

=a1t+ay+...+a, >b +by+ ...+ by,

From these results, we get that a; + a2 + ... + a, = by + bz + ... + b,. Now suppose
that z is a real number in [ay, ai1], then we need to prove that a; + az + ... + ap >
b1 + b2 + ... + bi. Indeed, we can eliminate the absolute value signs on the left-hand
expression of () as follows

lar — x|+ Jag — x| + ... + |lax — x| = a1 + a2 + ... + a, — kx ;

g1 — |+ |agye — | + oo+ |ap — x| = (0 — k)x — agyr1 — Qg2 — oo — Gy

n k n
= Z|ai—x| = (n—2k)x+22ai —Zai.
i=1 i=1 i=1

Considering the right-hand side expression of (xx), we have

> b — 2| = Z|b — x|+ Z |z — by
i=1

i=k-+1

> kx+2b +(n— k) — Z \b\—(n—ka+QZ|b|—Z|b\

=1 1=k+1

From these relations and (**), we conclude that

n

k n k
(n—ZkJ)x—l—QZai —Zai > (n—2k;)a:—|—22|bi| —Z|bi\
i=1 i=1

i=1 =1
= a1 +ag+ ... +ag Zbl+b2++bk,

which is exactly the desired result. The proof is completed.
\%

The Symmetric Majorization Criterion asserts that when we examine the ma-
jorization of two sequences, it’s enough to examine only one conditional inequal-
ity which includes a real variable x. This is important because if we use the normal
method, there may too many cases to check.

The essential importance of majorization lies in the Karamata inequality that
which will be discussed right now.
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1.17 Karamata Inequality

Karamata inequality is a strong application of convex functions to inequalities. As
shown in chapter I, the function f is called convex on Iif and only if a f(x) +bf(y) >
flaz + by) for all z,y € I and for all a,b € [0, 1]. Moreover, we also have that f is
convex if f”(z) > 0 Vz € L In the following proof of Karamata inequality, we only
consider a convex function f when f”(z) > 0 because this case mainly appears in
Mathematical Contests. This proof is also a nice application of Abel formula.

Theorem 8 (Karamata inequality). If (a) and (b) two numbers sequences for which
(a*) > (b*) and f is a convex function twice differentiable on I then

flar) + flaz) + ... + f(an) = f(b1) + f(b2) + ... + f(bn).

PROOF. WLOG, assume that a; > as > ... > a,, and by > by > ... > b,,. The inductive
hypothesis yields (a) = (a*) > (b*) = (b). Notice that f is a twice differentiable
function on I (that means f”(x) > 0), so by Rolle’s theorem, we claim that

f(z) = fly) > (x—y)f'(y) Yo,y € L

From this result, we also have f(a;)—f(b;) > (a;—b;)f'(b;) Vi € {1, 2, ...,n}. Therefore

n

Do Fa) =Y ) =D (f @) = F(5) =Y (@ —bi) f'(b:)

i=1 =1 =1 i=1

= (a1 = b1)(f'(b1) = f'(b2)) + (a1 + az — by — ba)(f'(b2) — f'(b3)) + ...+

+ (i a; — z_:l%) (" (bn1) = f" (bn)) + (Zaz‘ - sz) f'(bn) 20

i=1 i=1
k k
because for all k € {1,2,...,n} we have f'(b;) > f'(bg+1) and > a; > > b;.
i=1 i=1
Comment. 1. If f is a non-decreasing function, it is certain that the last condition

>~ a; = Y, b; can be replaced by the stronger one )" a; > > b;.
i=1 i=1 i=1 i=1

2. A similar result for concave functions is that

* If (a) > (b) are number arrays and f is a concave function twice differentiable
then

flar) + flaz) + ...+ f(an) < f(b1) + f(b2) + ... + f(bn).
3. If f is convex (that means af(a) + Sf(b) > f(aa + Bb) Vo, > 0,0+ = 1)

but not twice differentiable (f”(z) does not exist), Karamata inequality is still true.
A detailed proof can be seen in the book Inequalities written by G.H Hardy, J.E
Littewood and G.Polya.

\Y%
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The following examples should give you a sense of how this inequality can be
used.

Example 1.17.1. If f is a convex function then

s+ 10+ 5@+ 1 () 2 (1 (50 <1 (55 1 (551):

(Popoviciu’s inequality)

SOLUTION. WLOG, suppose that a > b > c¢. Consider the following number se-
quences

(l’):(a,a,a,b,t,t,t,b,b,QC,C) ; (y):(a7a?a7a7576’5’57’)/7777’7) ;

where
a+b+c a+b a+c b+c
- a9 a = 3 IB = 5 ) ’Y =

3 2 2 2
Clearly, we have that (y) is a monotonic sequence. Moreover

t:

a>a,3a+b>40,3a+b+t>4a+26,3a+ b+ 3t > da + 30,
3a+2b+ 3t > da+ 48,30+ 3b+ 3t > da + 48 + 7,
3a+3b+3t+c>4da+48+2v,3a+ 3b+ 3t + 3c > da + 48 + 4.
Thus (z*) > (y) and therefore (z*) > (y*). By Karamata inequality, we conclude
3(f(x) + f(y) + f(2) + F()) = 4(f(e) + f(B) + f(7))
which is exactly the desired result. We are done.

\%

Example 1.17.2 (Jensen Inequality). If f is a convex function then

Fla) + flaz) + ... + flan) > nf (al + as +~.+an> |

n
SOLUTION. We use property 1 of majorization. Suppose that a; > a2 > ... > ay,, then

we have (a1, az,...,an) > (a,q,...,a) witha = —(a1 + az + ... + ay). Our problem is
directly deduced from Karamata inequality for these two sequences.

\Y
Example 1.17.3. Let a,b, ¢, ,y, = be six real numbers in 1 satisfying
a+b+c=x+y+ z max(a,b,c) > max(z,y, z), min(a, b, c) < min(x, y, z),
then for every convex function f on I, we have

fla) + f(b) + fle) = fz) + f(y) + f(2).
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SOLUTION. Assume that x > y > z. The assumption implies (a, b, ¢)* > (x,y, z) and
the conclusion follows from Karamata inequality.

\Y%

Example 1.17.4. Let a1, ag, ..., ay, be positive real numbers. Prove that
a? a3 a?
(1+a)(1+a)..(1+a,) < (1 + 1) (1 + 2) (1 + ”) .
a2 as ay
SOLUTION. Our inequality is equivalent to
a? a3 a?
In(14a1)+In(14az)+...+In(1+a,) < In (1 + al> +1n (1 + a2> +...+In (1 + a”) .
2 3 1

Suppose that the number sequence (b) = (b1,bq,...,b,) is a permutation of
(Inai,Inas, ..., Ina,) which was rearranged in decreasing order. We may assume that
b; = Inay,, where (k1, ko, ..., k) is a permutation of (1,2, .., n). Therefore the number
sequence (¢) = (2lna; —Inag,2lnas —Inas, ...,2Ina, —Ina;) can be rearranged into

a new one as
()= (2Inag, —Inag,41,2Inag, —Inag,41,...,2Inax, —Inag, +1).

Because the number sequence (b) = (Inay,,lnag,, ..., Ina, ) is decreasing, we must
have (¢/)* > (b). By Karamata inequality, we conclude that for all convex function =
then

fler) + fle2) + oo + flen) = f(b1) + f(b2) + ... + f(bn),

where ¢; = 2Inag, —Inag,+1 and b; = Inay, forall i € {1,2,...,n}. Choosing f(z) =
In(1 + e*), we have the desired result.

Comment. 1. A different choice of f(z) can make a different problem. For example,
with the convex function f(z) = /1 + €%, we get

a? a? a?
\/1+a1+\/l+a2+...+\/1+an§\/1+Cl1+\/1+a2+...+1/1+a".
2 3 1

2. By Cauchy-Schwarz inequality, we can solve this problem according to the fol-

lowing estimation
a2
<1 + al) (I4a2) > (1+a1)*
2

\%

Example 1.17.5. Let a1, as, ..., a,, be positive real numbers. Prove that

a% afl ai an

ay + ... +a; ai +...+a,;_4 as + ... +a, a1+ ...+ an_1
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SOLUTION. For each i € {1,2,...,n}, we denote

a; 0,12
Yi = y Ti =
ap +az + ... + a, a?+ai+..+a?

thenz; + 22+ ... + 2, =y1 + y2 + ... + y» = 1. We need to prove that

n

n
Z X > Yi
1—{)31‘

i—1 el

WLOG, assume that a; > ag > ... > a,, then certainly z; > z9 > ... > z, and
Y1 > Y2 > ... > Y. Moreover, for all i > j, we also have

2
T @ a; Yi
_—— —2 Z _——=—,
l’j CLj (Ij yj

By property 4, we deduce that (z1, 22, ..., z,) > (y1, Y2, ..., Yn ). Furthermore,
f(z) =

T l-—=x

x

is a convex function, so by Karamata inequality, the final result follows immediately.
\Y

Example 1.17.6. Suppose that (a1, as, ..., az,) is a permutation of (b, ba, ..., bay) which
satisfies by > by > ... > by, > 0. Prove that

(14 ara2)(1 + azay)...(1 + azn—1a9,)
< (14 b1b2)(1 + b3by)...(1 + bop—_1bay).
SOLUTION. Denote f(z) =1In(1+e”) and z; = Ina,,y; = Inb;. We need to prove that
flzr+22) + f(zs +24) + .. + f(T2n-1 + T2n)
< flyr +y2) + fys +ya) + oo+ f(y2n—1+ y2n).
Consider the number sequences (z) = (z1 + x2, T3 + T4, ..., Tan—1 + T2y) and (y) =

(y1+Y2,y3+Yas - Yon—1+Y2n). Because y1 > yo > ... > yp, if (27) = (27,25, ..., 27) is
a permutation of elements of () which are rearranged in the decreasing order, then

Y1+ Y2+t yor >y F Ty L+ a5y,

and therefore (y) > (z*). The conclusion follows from Karamata inequality with the
convex function f(z) and two numbers sequences (y) > (z*).

\%

If these examples are just the beginner’s applications of Karamata inequality, you
will see much more clearly how effective this theorem is in combination with the

Symmetric Majorization Criterion. Famous Turkevici’s inequality is such an instance.
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Example 1.17.7. Let a,b, c, d be non-negative real numbers. Prove that
a* +b* + c* + d* + 2abed > ab? + V2P + Ad? + dPa® + a®P + b2d>.
(Turkevici’s inequality)

SOLUTION. To prove this problem, we use the following lemma

% For all real numbers x, v, z, t then
2(|z| +y|+ 2|+ |t) +x+y+ 2+t > ety +y+ 2|+ |zt + [t + x|+ |+ 2|+ |y + .

We will not give a detailed proof of this lemma now (because the next problem shows
a nice generalization of this one, with a meticulous solution). At this time, we will
clarify that this lemma, in combination with Karamata inequality, can directly give
Turkevici’s inequality. Indeed, let a = e, b = €', ¢ = ¢ and d = e¥1, our problem
is

Z lar 4 gemitbitertds > Z p2a142b1

cyc sym

Because f(z) = e” is convey, it suffices to prove that (a*) majorizes (b*) with
(a) = (4ay,4by,4c1,4dy,a1 + by + e +di,a1 + b1+ +dy)
(b) = (2a1 + 2b1,2b; + 2¢1,2¢1 + 2dy, 2d; + 2a1, 2a; + 2¢1,2by + 2dy) ;
By the symmetric majorization criterion, we need to prove that for all z; € R then

2|a1 + b1+ +dy —4$1| —|—Z|4a1 —4371‘ > Z |2a1 + 2bq —4.’171|.

cyc sym

Lettingnow « = a1 — 21,y = b1 —21,2 = ¢1 —1,t = d1 —x1, we obtain an equivalent

2) lael+ 1Yzl =) |z +yl,

cyc cyc sym

form as

which is exactly the lemma shown above. We are done.

\%



© GIL Publishing House. All rights reserved. 367

Example 1.17.8. Let a1, as, ..., a, be non-negative real numbers. Prove that

(n—1)(a? + a3+ ... +a2) +n{/a2add...a2 > (a1 + az + ... + a,)>.

SOLUTION. We realize that Turkevici’s inequality is a particular case of this general
problem (for n = 4, it becomes Turkevici’s). By using the same reasoning as in the
preceding problem, we only need to prove that for all real numbers z1, 2, ..., z,, then
(a*) > (b*) with

(a) = (221,221, .oy 221, 229, 200, ...y 2T9, ooy 2Ty, 2Ly ooy 28y, 200, 2, ..y 200)

n—1 n—1 n—1 n
(b) == (l’l + T1,T1 + T2,T1 + Z3,..., 21 + T, T2 + T, T2 + T2y ..ey T2 + Ty eeey Ty + -Tn) ;

1
and z = — (21 + 22 + ... + ). By the Symmetric Majorization Criterion, it suffices to
n
prove that
(n=2)> |zl + 1> @l = |wi + ;1.
i=1 i=1 i<j
Denote A = {i | z; > 0}, B = {i | 2; < 0} and suppose that |A| = m,|B| = k = n—m.

We will prove an equivalent form as follows: if z; > 0Vi € {1,2,...,n} then

(n—=2) > i+ Y wi—Y x> D> (wita)+ D, |-l
i€A,B icA jEB (i,))€A,B i€A,jEB
Because k + m = n, we can rewrite the inequality above into
E=D zi+m—=1> a4+ > wi—Y x5l > > | —aj] (%)
icA jEB icA jEB i€A,jEB
Without loss of generality, we may assume that ) z; > > z,. For eachi € A, let
i€A JEB
|A;| = {j € Blz; < z;} and r; = |A;|. For each j € B, let |B;| = {i € A|z; < x;} and
sj = |Bj|. Thus the left-hand side expression in (x) can be rewritten as
Z(k’ — 27’Z)$1 + Z(m — 25j)$j-
i€A jEB

Therefore (x) becomes

Z(Qri — 1)$i+ Z(QS]' — 1)1‘]‘ + ‘sz - ZZ‘]‘ >0

icA jeB icA jeB
& Y rwi+ Y (s;—1a; 0.
icA jeB

Notice thatif s; > 1 forall j € {1,2,...,n} then we have the desired result immedi-
ately. Otherwise, assume that there exists a number s; = 0, then

max r; € B = r; >1Vie {1,2,....m}.
zeAUBZ 1 {77 ) }
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Thus
Zrixi + Z(SJ - 1)33]‘ Z ZJUZ — Zl‘j Z 0.
i€A j€B i€A JEB
This problem is completely solved. The equality holds for a; = a2 = ... = a, and
a1 = az = ... = ap_1, ay = 0 up to permutation.
\%

Example 1.17.9. Let a1, as, ..., ay, be positive real numbers with product 1. Prove that

1 1 1
n—\l/a—i_ n7\1/@+"'+ n%)'

SOLUTION. The inequality can be rewritten in the form

a1+a2+...+an+n(n—2)Z(n—l)(

First we will prove the following result (that helps us prove the previous inequality
immediately): if z1, z, ..., 2,, are real numbers then (a*) > (5*) with

(Oé) = (.’I)l,IQ, ey Ty T, T, 7$) )

(6) = (y17y1? - Y15 Y2, Y2, "'ay27"'7yn7yn7"'7yn) B

where © = l(:cl + 23 + ... + x,), () includes n(n — 2) numbers z, (3) includes

n — 1 numbers y; (Vk € {1,2,...,n}), and each number b, is determined from b;, =
nr —x;

n—1"

Indeed, by the symmetric majorization criterion, we only need to prove that
|z1]| + |z2| + oo + |20 + (R = 2)|S] > |S — 21| + | — 22| + ... + |5 — 2] (%)
where S = 1 + 29 + ... + x,, = nx. In case n = 3, this becomes a well-known result
2|+ |yl + 2]+ [z +y+ 2] > [z +y| + [y + 2 + [ + 2.

In the general case, assume that ;1 > o > ... > z,,. If ; > SVi € {1,2,...,n} then

RHS = (z: = 8) = —(n—1)S < (n—1)[S] <> |a| + (n — 2)|S| = LHS,
i=1 i=1
and the conclusion follows. Case z; < S Vi € {1,2,...,n} is proved similarly. We
consider the final case. There exists an integer k (1 < k < n — 1) such that z;, > § >
Zp41. In this case, we can prove (x) simply as follows

k n

k n
RHS:Z(-Ti—S)+ Z (S—mi):Za:i— Z ZTrp+1 + (n — 2k)S,

i=1 i=k+1 i=k+1
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<3 fol + (0= 28)18] < D Jarl + (n — 2)1S] = LHS,
i=1 i=1
which is also the desired result. The problem is completely solved.

\Y%
Example 1.17.10. Let a1, ag, ..., a, be non-negative real numbers. Prove that
(n—1) (a} + a% + ... + al)+naias...an > (a1+as+..+a,) (af ' + a5y + . +alt).
(Suranji’s inequality)
SOLUTION. We will prove first the following result for all real numbers =1, o, ..., z,,

n(n—1 Z|x,|+n|5\> Z |z + (n — 1)z] (1)

4,j=1
in which S = 21 4+ 23 + ... + x,,. Indeed, let z; = |z;| Vi € {1,2,...,n}and A = {i |1 <
i<nieNua;>0},B={i|l<i<n,iecNuz <0} WLOG, we may assume that
A={12,.,k}and B = {k+ 1,k +2,...,n}, then |[A| = k,|B| = n — k = m and
z; > 0forall i € AU B. The inequality above becomes

n(n —1) Zzz—f—sz +n ZZZ sz

€A jEB i€EA JjEB
> > la+m—Dzel+ D lz+zel+ D, (la— =Dzl +[(n -1z —2z])
1,0/ EA 7,7'€eB i€A,jJEB

Because n = k + m, the previous inequality is equivalent to

m—l)Zzi—i—n(k’—l)sz—&—n Zzi—sz

icA jeB icA jeB
> > la-(-Dzyl+ > ln—Dz-z] ()
i€A,jEB i€A,jEB

For each i € A we denote

Bi={jeB|n—1)z>2z}; Bi={j € Blzi > (n— 1)z} ;
For each j € B we denote

Aj={i€Al(n—1)z >z }; Ay ={i€ Alz; > (n— 1)z} ;

We have of course B C B; C Band A C A; C A. After giving up the absolute value
signs, the right-hand side expression of (x) is indeed equal to

Z (mn —2|B;| —2(n —1)|B;]) z; + Z (kn = 2|A%| = 2(n — 1)|4;]) 2;
€A jEB



370 — (© GIL Publishing House. All rights reserved. —

WLOG, we may assume that ) z; > 3" z;. The inequality above becomes

i€A jEB
S UBI+ (n=D)IBil) zi + Y (1) + (n = 1)|4;] = n) z; > 0.
€A JjEB

Notice that if for all j € B, we have |A;| > 1, then the conclusion follows immedi-
ately (because A’ C Aj, then |4;| > 1 and [A}| + (n — 1)|4;| —n > 0Vj € B). If
not, we may assume that there exists a certain number r € B for which |A!| = 0, and
therefore |A,.| = 0. Because |4,| = 0, it follows that (n — 1)z, < z; for all ¢ € A. This
implies that |B;| > |B;| > 1 for all i € A, therefore |B}| + (n — 1)|B;| > n and we
conclude that

STUBI+ (= DB 2+ 3 (14 + (- DA —n) 2 203 2 -0 Y2 >0,

i€EA jEB i€EA jEB

Therefore (1) has been successfully proved and therefore Suranji's inequality follows
immediately from Karamata inequality and the Symmetric Majorization Criterion.

\%

Example 1.17.11. Let a1, ag, ..., a,, be positive real numbers such that a; > az > ... > ap,.
Prove the following inequality

aitax ax+az ap+a; < aitaztaz ag+az+ag ap+arta
2 2 2 - 3 3 3 '

(V. Adya Asuren)

SOLUTION. By using Karamata inequality for the concave function f(z) = Inz, we
only need to prove that the number sequence (z*) majorizes the number sequence
(y*) in which () = (21, 22, ..., 2s), () = (y1,Y2, ..., yn) and for each i € {1,2,...,n}

Gyt Qg G T Qi1+ G2
Tj= e Y=
2 3

(with the common notation a,,+1 = a1 and a,12 = az). According to the Symmetric

Majorization Criterion, it suffices to prove the following inequality

3 <Z |2 + Zz’+1> =2 (Z |2 + zig1 + Zi+2|> ()

i=1 i=1
for all real numbers z; > 22 > ... > 2, and zp+1, 2n+2 stand for z;, z respectively.

Notice that () is obviously true if z; > 0 for all i = 1,2, ...,n. Otherwise, assume
that 2y > 25 > ... > 2z, > 0 > 241 > ... > z,. We realize first that it’s enough to

consider (x) for 8 numbers (instead of n numbers). Now consider it for 8 numbers
21, 22, ..., 2zs. For each number i € {1,2,...,8}, we denote ¢; = |z;|, then ¢; > 0. To
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prove this problem, we will prove first the most difficult case z; > 2o > 23 > 24 >
0 > z5 > 26 > 27 > zg. Giving up the absolute value signs, the problem becomes

3(01 + 2¢o 4+ 2¢3 4+ ¢4 + ¢5 + 2¢6 + 2¢7 + cg + ‘04 —C5| + |Cg —Cl|)

> 2(c142co42c3+c4+|cstca—cs|+|ca—es —cg|+es+2c6+2c74-cs+|crHes—cr || cs—c1—cal)
= Cl—|—202+263+C4+C5+206+207+CS+3|C4—C5‘+3‘Cg—01|
> 2|es + 4 — cs] +2]ca — 5 — cg| + 2|er + s — 1] + 2|cg — €1 — ¢

Clearly, this inequality is obtained by adding the following results

2|C4 — C5| + 2¢c3 > 2‘63 4+ cq4 + 05|
2lcg — c1]| + 2¢7 > 2|7 + cg — ¢4
lea — 5|+ ca + 5+ 2¢6 > 2]eq — c5 — ¢l

|Cg—Cl|+Cg+Cl+262 22‘08—61 —CQ|

For other cases when there exist exactly three (or five); two (or six); only one (or
seven) non-negative numbers in {z1, 22, ..., 23}, the problem is proved completely
similarly (indeed, notice that, for example, if 21 > 23 > 23 > 0 > 24 > 25 > 25 >
z7 > zg then we only need to consider the similar but simpler inequality of seven
numbers after eliminating zg). Therefore (%) is proved and the conclusion follows
immediately.

\%

Using Karamata inequality together with the theory of majorization like we have
just done it is an original method for algebraic inequalities. By this method, a purely
algebraic problem can be transformed to a linear inequality with absolute signs,
which is essentially an arithmetic problem, and which can have many original so-
lutions.



